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The  present  memoir  is  devoted  to  the  consideration  of  the  differential  invariants  of 
a  surface ;  and  these  are  defined  as  the  functions  of  the  fundamental  magnitudes  of 
the  surface  and  of  quantities  connected  with  curves  upon  the  surface  which  remain 
unchanged  in  value  through  all  changes  of  the  variables  of  position  on  the  surface. 
The  idea  of  differential  parameters  for  relations  of  space  appears  to  have  been 
introduced  by  Lame  ;  it  is  to  Beltrami*  that  the  earliest  investigations  of  the 
corresponding  quantities  in  the  theory  of  surfaces  are  due,  as  well  as  many  detailed 
results,  f 

It  is  natural  to  expect  that  these  differential  invariants  would  belong  to  the 
general  class  of  differential  invariants  which  constitute  Lie’s  important  generalisation 
of  the  original  theory  of  invariants  and  covariants  of  homogeneous  forms.  This 
association  has  been  effected}  for  some  classes  of  differential  invariants  by  Professor 
Zorawski,  and  he  has  obtained  the  explicit  expression  of  several  of  the  individual 
functions. 

Professor  ^ORAWSKi’s  method  is  used  in  the  present  memoir.  In  applying  it,  a 
considerable  simplification  proves  to  be  possible  ;  for  it  appears  that,  at  a  certain 
stage  in  the  solution  of  the  partial  differential  equations  characteristic  of  the 
invariance,  the  equations  which  then  remain  unsolved  can  be  transformed  so  that  they 
become  the  partial  differential  equations  of  the  system  of  concomitants  of  a  set  of 
simultaneous  binary  forms.  The  known  results  of  the  latter  theory  can  therefore  be 
used  to  complete  the  solution  of  the  partial  differential  equations,  and  the  result  gives 
the  algebraic  aggregate  of  the  differential  invariants. 

This  memoir  consists  of  two  parts.  In  the  first,  the  investigation  just  indicated  is 
carried  out ;  and  the  explicit  expressions  of  the  members  of  an  aggregate,  algebraically 

*  In  his  memoir,  “Sulla  teorica  generale  (lei  parametri  differenziali,”  ‘Mem.  Aec.  Bologna,’  2nd  Series, 
vol.  8  (1869),  pp.  549-590,  Beltrami  gives  a  sketch  of  the  early  history  of  the  subject. 

t  An  account  of  the  theory,  developed  on  the  basis  of  Beltrami’s  researches,  is  given  by  Barboux, 
‘Theorie  g4n4rale  des  surfaces,’  vol.  3,  pp.  193-217  ;  he  also  gives  references  to  Bonnet  and  Laglerre. 

X  In  a  memoir  hereafter  quoted  (§  1 ). 
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complete  up  to  a  certain  order,  are  obtained.  In  the  second  part,  the  geometric 
significance  of  the  different  invariants  is  the  goal ;  in  attaining  it,  some  modifications 
are  made  in  the  aggregate,  hut  they  leave  it  algebraically  complete. 

The  investigation  reveals  new  relations  among  the  intrinsic  geometric  properties 
of  a  curve  upon  a  surface.  To  the  order  considered,  four  such  relations  exist ;  and 
their  explicit  expressions  have  been  constructed. 


PART  I. 

Construction  of  the  Invariants. 

1.  In  an  interesting  memoir*  published  in  the  ‘  Acta  Mathematica,’  Professor 
Zorawski  has  developed  a  method,  outlined  by  LiE,f  and  has  applied  it  to  the 
determination  of  certain  properties  of  functions  which  appertain  to  a  surface  and  are 
invariantive,  alike  under  any  transformation  of  the  two  independent  variables  and 
under  any  deformation  of  the  surface  that  involves  neither  tearing  nor  stretching. 
In  particular,  he  obtains  the  number  of  these  functions  of  any  order  which  are 
algebraically  independent  of  one  another ;  he  also  obtains  expressions  for  several 
functions  of  the  lowest  orders  belonging  to  recognised  types. 

The  method,  and  much  of  Professor  Zorawski’s  analysis,  can  be  applied  to  obtain 
the  more  extensive  class  of  all  the  differential  functions  which,  appertaining  to  a 
surface  and  to  any  set  of  curves  upon  the  surface,  are  invariantive  under  any  trans¬ 
formation  of  the  two  independent  variables.  The  process,  which  involves  the  solu¬ 
tion  of  complete  Jacobian  systems  of  the  first  order  and  the  first  degree,  only  gives 
the  invariantive  functions  which  are  algebraically  independent  of  one  another  ;  it  is 
not  adapted  to  the  construction  of  the  asyzygetic  aggregate.  Moreover,  only  some 
of  these  functions  are  invariantive  when  the  surface  is  deformed  without  tearing  or 
stretching ;  they  can  he  selected  by  inspection,  on  using  the  fundamental  theorem 
connected  with  the  theory  of  the  deformation  of  surfaces. . 

As  far  as  possible,  the  notation  adopted  by  Professor  Zorawski  is  used.  The 
analysis,  preliminary  to  the  construction  of  the  differential  equations  which  are 
characteristic  of  the  invariance,  is  set  out  briefly ;  it  is  needed  to  make  the  process 
intelligible.  There  is  some  difference  from  Professor  Zorawski’s  analysis,  mainly 
(hut  not  entirely)  because  a  beginning  is  made  from  the  consideration  of  relative 
invariants  and  not  of  absolute  invariants. 

2.  The  independent  variables  of  position  on  the  surface  are  taken  to  he  x  and  y. 
A  function  f  of  these  variables  and  of  the  derivatives  of  any  number  of  functions 

*  “  Ueber  Biegungsinvarianten :  eine  Anwendung  dcr  Lie’schen  Gruppentheorie,”  ‘  Acta  Math.,’  vol.  16 
(1892-93),  pp.  1-64. 

t  ‘  Math.  Ann./  vol.  24  (1884),  pp.  574,  575. 


which  involve  the  invariables  is  said  to  ha  a  relative  invariant  when,  if' the  same 
function  F  of  new  independent  variables  X  and  Y  and  of  corresponding  new  deriva¬ 
tives  of  the  transformed  functions  be  constructed,  the  relation 


is  satisfied,  where 


f=  &F 

0X0Y_aX0Y 
dx  dy  dy  dx 


The  invariants  actually  considered  are  rational,  so  that  p.  is  an  integer.  The 
invariant  is  said  to  he  absolute  where  /*  =  0. 

Now  it  is  known,  by  Lie’s  theory,  that  the  property  of  invariance  will  be  estab¬ 
lished  if  it  is  possessed  for  the  most  general  infinitesimal  transformation  of  x  and  y ; 
accordingly,  we  shall  take 

X  =  x  +  ,  y)  dt,  Y  y  y  (x,y)  dt, 


where  £  and  rj  are  arbitrary  integral  functions  of  x  and  y. 
to  x  and  y  are  required  ;  we  write 


u 


mu 


dm+,t  u- 
dxmdya 


Derivatives  with  regard 


for  all  values  of  m  and  n.  Thus,  as  only  the  first  power  of  dt  is  retained,  we  have 


n  _  i  (f10  +  rf0l)  dt. 


The  £>ossible  Arguments  in  the  Invariants. 

3.  Next,  wre  have  to  consider  the  possible  arguments  of  a  differential  invariant 
of  a  surface.  Broadly  speaking,  these  may  belong  to  one  or  other  of  three  classes  : — 

(i)  the  fundamental  magnitudes  associated  with  the  surface,  and  their  derivatives 

of  any  order  with  respect  to  x  and  y  ; 

(ii)  functions  <f>  (x,  y),  ifj  ( x ,  y),  ...  and  their  derivatives  of  any  order  with 

respect  to  x  and  y  ; 

(iii)  the  variables  x  and  y,  and  the  derivatives  of  y  of  any  order  with  regard 

to  x. 

We  consider  them  briefly  in  turn. 

4.  Firstly,  as  regards  the  fundamental  magnitudes  :  by  a  known  theorem,  a  surface 
is  defined  uniquely  (save  only  as  to  position  and  orientation)  by  the  three  magnitudes 
of  the  first  order,  usually  denoted  by  E,  F,  Cf,  and  the  three  magnitudes  of  the  second 
order,  denoted  by  L,  M,  N.  (If  oidy  E,  F,  G  be  given,  the  surface  is  defined  as 
above,  subject  also  to  any  deformation  that  does  not  involve  tearing  or  stretching.) 
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These  six  quantities  can  occur  in  the  invariantive  function  required,  as  well  as  their 
derivatives  of  any  order  with  respect  to  x  and  y. 

But  there  is  a  difficulty  as  regards  the  derivatives  of  L,  M,  N  ;  for  there  are  two 
relations,  commonly  known  as  the  Mainardi-Codazzi  equations,  which  express 

0L_0M,  3M_0N 

dy  dx  dy  dx 

in  terms  of  L,  M,  N,  E,  F,  G,  and  the  first  derivatives  of  E,  F,  G.  To  avoid  this 
difficulty,  it  is  convenient  to  introduce  the  four  fundamental  magnitudes  of  the  third 
order,  denoted  by  P,  Q,  It,  S  ;  the  six  first  derivatives  of  L,  M,  N  can  be  expressed 
in  terms  of  P,  Q,  R,  S  linearly,  together  with  additive  combinations  of  L,  M,  N  and 
of  the  first  derivatives  of  E,  F,  G. 

The  second  derivatives  of  L,  M,  N  will  thus  be  expressible  in  terms  of  the  first 
derivatives  of  P,  Q,  R,  S,  together  with  the  appropriate  additive  combinations  free 
from  those  derivatives.  But  again  there  is  a  difficulty  as  regards  these  ;  for  there 
are  three  relations,  which  express 

aQ_0P5  0R  _  0Q  0S_0R 

dx  dy  dx  dy  dx  dy 

in  terms  of  P,  Q,  R,  S,  L,  M,  N,  E,  F,  G,  and  the  first  derivatives  of  E,  F,  G.  To 
avoid  this  new  difficulty,  it  is  convenient  to  introduce  the  five  fundamental 
magnitudes  of  the  fourth  order,  denoted  by  a,  /3,  y,  8,  e ;  the  first  derivatives  of 
P,  Q,  R,  S  (and  therefore  the  second  derivatives  of  L,  M,  N)  can  be  expressed 
linearly  in  terms  of  a,  (3,  y,  8,  e,  together  with  additive  combinations  of  P,  Q,  R,  S, 
L,  M,  N,  E,  F,  G,  and  the  first  derivatives  of  E,  F,  G. 

And  so  on,  for  the  derivatives  ot  successive  orders  of  L,  M,  N  ;  we  avoid  the 
difficulty  of  linear  relations  among  them  by  the  introduction  of  the  successive 
fundamental  magnitudes.  The  analytical  definition*  of  these  magnitudes  can  be 
taken  in  the  form 

ds2  =  E  dx2  +  2F  dx  dy  +  G  dy2, 


where  p  is  the  radius  of  curvature  of  the  normal  section  of  the  surface  through  the 

*  See  <a  paper  by  the  author,  ‘Messenger  of  Mathematics,’  vol.  32  (1903),  pp.  68  et  aeq. ;  sec  also 
§31,  post. 
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tangent-line  defined  by  dx  :  dy,  and  the  arc  derivatives  are  effected  along  the  geodesic 
tangent.* 

Accordingly,  the  quantities  of  the  class  under  consideration  that  may  occur  are 
E,  E,  G  and  their  derivatives  up  to  any  order,  together  with  the  fundamental 
magnitudes  of  any  order  above  the  first,  hut  without  any  derivatives  of  these 
fundamental  magnitudes,  f 

5.  Secondly,  as  regards  functions  (f)  ( x ,  y),  xjj  (x,  y),  .  .  .  and  their  derivatives  :  we 
do  not  retain  the  functions  themselves,  hut  only  their  derivatives,  for  the  following 
reason.  The  invariantive  property  is  usually  some  intrinsic  geometric  property 
connected  with  a  curve  on  the  surface  represented  by  </>  =  constant  or  zero, 
xjj  =  constant  or  zero,  and  the  like.  Accordingly,  we  retain  only  derivatives  of  these 
functions  up  to  any  order ;  the  equations  of  transformation  will  show  the  connection 
of  the  order  of  these  derivatives  with  the  order  of  the  derivatives  of  E,  F,  G  retained. 

6.  Thirdly,  as  regards  x,  y,  and  the  derivatives  of  y  with  respect  to  x  up  to  any 
order  :  it  is  clear  that  x  and  y  will  not  occur  explicitly,  for  their  presence  cannot 
contribute  any  element  to  the  factor  f 2  ;  it  is  also  clear  that  they  will  not  occur 
explicitly,  for  the  further  reason  that  their  increments  involve  £  and  y  but  not 
derivatives  of  £  or  y,  whereas  all  other  increments  involve  derivatives  of  £  or  y,  but 
neither  ^  nor  y  themselves.  Further,  after  the  retention  of  quantities  of  the  second 
class, ave  shall  not  retain  y .  For  let  the  value  of  y'  belong  to  a  curve  i|;=0  on  the 
surface,  so  that 

'/ho  +  if  '/'oi  0- 

We  know  that 

Ei/>„i'  —  2Fy/<01v/h0  +  Gi/>102  T 
EG  -  V2 

where  I  is  an  absolute  invariant ;  if  then  we  have  a  differential  invariant  involving 
y\  we  turn  it  into  one  involving  t jj10  and  i p01,  by  writing 

y  =  -  ; 

roi 

while  if  we  have  one  involving  ifj10  and  »//01,  we  turn  it  into  one  involving  y\  by 
writing 

'/'oi  _  '/ho  _  f  t  EG  F-'  | 3 

I  yf  1E  +  2F  y'  +  Gay'2]' 

It  would  therefore  be  unnecessary  to  retain  y\  when  we  retain  first  derivatives 
oi  any  number  of  functions  in  an  earlier  class. 

Similarly,  it  can  be  shown  to  be  unnecessary  to  retain  y",  when  we  retain  second 
derivatives  of  any  number  of  functions  in  an  earlier  class ;  and  so  for  other 
derivatives  of  y  with  respect  to  x. 

*  See  §  31,  post. 

t  It  will  appear  that  the  introduction  of  these  magnitudes  not  merely  avoids  the  difficulty  as  regards 
the  derivatives  of  L,  M,  N,  but  also  secures  a  substantial  simplification  of  the  expressions  of  the  differential 
invariants. 
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Hence  we  retain  none  of  the  third  class  of  possible  magnitudes.  But  after  the 
reasons  adduced,  we  should  only  be  justified  in  dropping  y'  from  the  set  of  magni¬ 
tudes  when  it  was  otherwise  required,  if  we  associated  the  first  derivatives  of  the 
appropriate  function  xp  with  the  functions  already  retained ;  or  in  dropping  y",  if  we 
associated  the  second  derivatives  of  \Jj  with  the  functions  already  retained ;  and  so 
for  the  other  derivatives  of  y.  (An  example  occurs  later  in  §  24.) 

Note. — In  calculations  subsidiary  to  the  determination  of  the  geometric 
significance,  it  is  found  necessary  to  use  the  relations  involving  the  derivatives 
of  L,  M,  N,  P,  Q,  If,  S  ;  it  may  therefore  be  convenient  to  give  their  explicit 


w 


here 


They  are 

— 

P  =  LI0  - 

2  (Lr  4-  Ma) 

Q  =  Lui  - 

2  (Lr  +  Ma') 

=  M10  - 

(Lr'  -p  MA') 

—  (Mr  +  Na) 

it  =  — 

(Lr7  +  Ma") 

-  (Mr'  +  NA) 

=  N10 

-  2  (Mr'  4  Na' 

S  =  N01 

-  2  (Mr"  4-  Na 

2VH  -  GE10  —  F  (2F]0  —  E0])  j 
2V3r'  =  GE01  -  FG10 
2V*r"  =  G  (2F01  -  G10)  -  FG01 


and 


a  =  P 


10 


fi  —  Pol 

—  Qio 


3  (Pr  4-  QA) 

3  (Pr'  +  Qa') 


2V3A  =  E  (2F10  —  E01)  —  FE10 
2V3A'  =  EG]0  -  FE01 
2V3A"  =  EG01  —  F  (2F0l  —  G10) 


-  |  V  (FL  -  EM) 


f  > 


T2 


(Pr'  +  QV)  —  2  (Qr  +  BA)  +  I  ^5  (FL  —  EM) 
y  =  Q„1  —  (Pr"  +  Qa")  -  2  (Qr'  +  Ra')  -  i  P  (GL  -  EN) 
=  R10  -  2  (Qr'  +  Ka')  -  (Rr  +  SA)  +1 V  (GL  -  EN) 


r  > 


S  =  It 


01 


2  (Qr  +  Ha")  -  (Hr'  +  SA')  -  1  ~  (GM  -  FN) 


=  S10  -  3  (Pr'  +  Sa') 

€  =  S01  -  3  (Hr"  +  Sa") 


+  f^(GM-FN) 


where  T3  =  LN  -  M3. 

*  They  are  quoted  from  the  author’s  paper,  mentioned  in  §  4. 
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Increments  of  the  Arguments. 


7.  We  now  require  the  increments  of  the  various  arguments,  corresponding  to  the 
increments  of  x  and  y.  We  denote  by  E',  F',  .  .  .  the  same  functions  of  X  and  Y  as 
E,  F,  .  .  .  nre  of  x  and  y ;  thus,  if  dE  be  the  increment  of  E,  we  have 

E'  =  E  +  dE  ; 

and  so  for  the  other  magnitudes. 

Since  the  relation 


E  dx 2  +  2F  dx  dy  +  G  dif  =  E'  dX2  +  2F'  dX  dY  +  G'  dY2 
holds  for  all  values  of  dx  and  dy,  we  have 


„axaY  ,  n,(d yv 


E  =  E'  +  2F'^  +  G 

\dx  /  ox  ox 

=  E'(l  +  2f10*)  +  2P,10*> 


dx 


■p,  F,  ax  ax  F  /ax  aY  ax  a  y\  ay  a  y 

dx  dy  \0j?  dy  dy  dx)  dx  dy 

—  E'fo  dt  +  F'  (1  +  £]0  dt  +  y0l  dt )  +  G'Vl0  dt, 


G  =  E' 


axy 

dy  ) 


+  +  G' 

dy  dy 


—  2F'£01  dt  +  G' (l  +  2  r?01  dt). 


We  thus  have 

-  dE  =  (2E'f10  +  2Fb?10)  dt. 

Now,  the  differences  between  E  and  E',  F  and  F',  are  small  quantities  of  the  order 
dt ;  lienee,  when  we  are  retaining  only  small  quantities  of  the  order  dt  on  the  right 
hand  side,  we  can  replace  E',  F',  G'  by  E,  F,  G  respectively ;  and  we  find 


_  dE  _ 
dt 

dt  ~  ^01  + 


dG 

dt 


2F£ 


01 


Similarly,  the  relation 

L  dx2  +  2M  dx  dy  -J-  N  dy2 


2E^10  +  2Fr,10 

Ftio  +  Er)01  +  Gi710  -  . 

+  2G??01 

:  —  =  L'  dX3  +  2M'  dX  clY  +  N'  dY 2 

P 


33G 


PROFESSOR  A.  R.  FORSYTH  ON  THE  DIFFERENTIAL  INVARIANTS 


holds  for  all  values  of  clx  and  dy ;  so  that  the  laws  of  transformation  for  L,  M,  N 
are  the  same  as  for  E,  F,  G.  Hence 


dL 

dt 


2LA0  -f- 


2Mi710 


dM 

dt 


L^oi  +  M£o  +  Mt701  +  N^10  [>  . 

i 


c/N 

dt 


=  2M^01 


Using  the  relation 


(P,  Q,  R,  S Xdx,  dyf 


in  the  same  way,  we  find 


+  21ST  >701 

( 1  !  =  (P',  O',  R',  S'IrfX,  ,lYf 
\P 


d  P 
dt 


3Pfi„  +  3Q^10 


d  Q 
dt 

dR 

dt 

dS 

dt 


—  Pfoi  +  2Q^I0  +  Q  r]0l  +2li^10 

=  2Qf0i  +  Pfio  +  2R?701  +  St710 
=  3R^oi  +  3Si701 


I 


Using  the  relation 

o 

(a,  ft,  y,  8,  ejdx,  dyf 
similarly,  we  find 


ds* .  f  ,  d 
(Is- 


pi 


=  «  /3',  /,  8',  e'XdX,  dYy 


~  (H  —  +  4otf10  +  4^10 

—  —  a£oi  +  3/3£i0  +  fiw  +  3>r;l0 

yi  ~  2/^foi  d-  2ydio  "h  2yi7oi  "h  2817 10  } 

—  ^  =  37^01  +  3^10  +  38^0!  +  O?10 

~  ^  =  48^01  +  4e7701 


And  so  for  the  increments  of  the  other  fundamental  magnitudes. 

'  8.  The  increments  of  the  derivatives  of  E,  F,  G  are  required ;  they  can  be 
obtained  by  the  following  method,  differing  from  that  which  is  adopted  by  Professor 
Zorawski.  Let  x  and  y  become  x  +  li  and  y  -j-  k  respectively,  and  let  the  con¬ 
sequent  new  values  of  X  and  Y  be  X  +  H,  Y  +  K  ;  then 
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PI  —  (X  4  H )  — *  H  —  h  -f-  { $  (x  4"  h,  y  -1-  k)  —  $(x,  y)\  dt  —  h  -f-  A  dt, 


where 


l.rl.s 

A  =  2  S'£,  ,  , 

,  =o»=o  r  !  s  ! 


and  S'  implies  that  r  and  s  may  not  he  zero  together. 

Similarly 

K  =  k  +  B  dt, 

where 

l.rlji 

B  =  S  v't,  Jz-Z 

JJ  —  —  l/ra  ,  , 

r=0«=0  T  !  .S  ; 

with  the  same  signification  for  S'  as  before  ;  and  thus,  for  all  values  of  p  and  q, 
we  have 

H>K>  =  l\Pte  +  (phP~lk«  A  +  qhPt~lB)  dt. 

Now,  as  the  relation 

E  =  E'  (1  +  2£10  dt)  +  2F'^10  dt 

holds  for  all  values  of  x  and  y,  it  follows  that 

E  (x  +  h,  y  +  k)  =  E  (X  +  H,  Y  +  K)  { 1  4*  2£10  (x  +  h,  y  4-  k)  dt) 

+  2F  (X  +  H,  Y  4-  K)  ??10  (x  +  h,  y  +  k)  dt. 

Let  both  sides  be  expanded  in  powers  of  h  and  k  ;  then  (  =  coefficient  of  hmkn 
in  the  expansion  of 

S  S  Vyi ,  {h*te  +  (phr-'B A  +  qhPB-m dt} 

_p=oq=o  p  !  q  ! 


1  +  22  2  ''I 

r=0s=0  V  I  S  I 


+ 


F 


S  S  -  -r\  { hPB  4-  ( phP  ~  lBA  +  qh/h ~ 1 B)  dt } 

_j>  =  0q=0  p  \  q\ 


h  rk3 

V  V  y,  U  '*  fit 

—  —  Vl+1.*  ,  , 

,  =0  «=o  r  .S‘ 


Remembering  that  the  first  power  of  dt  alone  is  to  be  retained,  we  find  this 
coefficient  to  be 


E' 

m\n\ 


ran 

!  n  t 


+ 


(m 


rv ,  /  X,  .  (m  —  r  4-  1)  fX-r+1,  n—t  dt 
—  r  4-  1 ) !  [n  —  s) !  r  !  s ! 


4-  2SS 


(m  —  r) !  (n  —  s) !  r  !  s  ! 


,h—y1  n—s  dt 


+  22  (m  _  r)  t  (n  _  s  _|_  i)  t  r !  s\  (n  s  +  1  )  VrMr»-r, »-.+ 1 dt 

4-  2S^  _ - _ _ _ r)  E'  dt  • 

(m  —  r) !  (w  —  s) !  r  !  s  ! 

the  first  summation  SS'  does  not  occur  if  r  =  77?  — j—  1 ,  the  second  summation  SS'  does 
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not  occur  it 
Writing 

we  have 


Proceedin 


and 


s  =  n  -f-  1,  and  in  neither  of  them  may  r  and  s  vanish  together. 

m ! 


'in 


( n  \  _  n ! 

(m  —  r) !  r  !  ’  \s  J  ~~  (»  —  s) !  s  !  ’ 

E  mH  =  E,im  -f-  dK,m  , 


_  dE _  2  Jf,  /w  \  in' 


dt 


r=0  s=0 


?r*E  7)i—  ,*  + 1 ,  ,i— s 


i  9v  11  ;  P' 

—  ^  \ryi  \G  =>'+l|S'Lj  Hi—)',  a  —  * 

)'  =  0  1  =  0  \  '  /  \o  / 

,  £  5/  /m\  /n\ 

(.,/(„)  m-r,  a  — i 

,•=0.1=0  \  '  /  \*  / 


-i+l 


,  2  v  v  w  ft  L  F' 

l  /»*  /  \  o  /  7/)'+ 1,  s  m—r,n—s • 

?'=0  s=0  \  ’  /  \*  / 

;  similarly  from  the  expressions  for  F  and  G,  we  find 
c?F 


m  n  /™\  /Ao  , 

s  2  (“)  ”  f,,+IE' 

,•=0  1  =  0  \  '  ,  \*  / 


m-r,  n— a 


m  n  f  \  f  nrA 


~r  -*  ■•+  (/>»/(  o  /  in— r,  n-s  +  l 
,•=0  s=0  \  '  /  V>  / 


.  +  I,?,  (r)  (s)  (f  +  *.»■) 


)/?  —  )•.  >t— .«  5 


did,,, 

dt 


4_  v  v  /  g'  L  ( < 

r  =  0 i=0  \ ?  /  Vs  / 

2  5  V  F 

r=0,=0  \  r/  U  '  -8+I  'V"~S 


Note. —As  we  now  have  the  first  increment  of  the  quantities  Enm,  Fmn,  G„,n,  and  as 
the  second  increments  are  not  required,  the  quantities  E',  F',  G'  on  the  right-hand 
sides  can  be  replaced  by  E,  F,  G,  without  affecting  the  values  of  the  first  increments. 
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9.  In  particular,  we  have 

eZE, 
dt 

dE, 


dt 

dE, 


—  SfioEio  +  2^o0E  +  i?10(Eoi  +  2F10)  +  '-’^I 

=  2^10E0i  +  f01E10  +  2£nE  +  ^01E01  +  2>710Fu1  +  2rjnE 


- dt  '  —  ^l0^30  "F  "F  2&qE 


dE, 

dt 


+  2^10(En  +  F20)  +  ^2o(E0i  +  4F10)  +  2li730 

=  3£10En  +  foiE20  +  2&0E01  +  3^UEI0  +  2£31E 
+  ‘•ho  (Eoa  +  2Fn)  +  Voi^n  +  2i7.:oFol  +  r]n  (E01  +  2F10)  +  2t731F 


f  9 


—  S'3  —  2^10^03  "F  2^oiEn  +  4£UE01  +  £03E10  +  2£I3E 


d  F 


dt 

(IE 

dt 


+  2^0iE03  +  2>710F03  +  4>7nF01  +  r)oz  E01  +  2t713F 
10  =  2^i0F10  +  £)lE10  +  £2„F  +  ^nE 

+  ^10  (E01  +  G10)  +  Vol^io  +  y-2(fi  +  T?hF 


01 


c?F3Q 

dt 


d¥ 

dt 


11 


(IF, 

dt 


03 


=  £oFoi  +  $,1  (E01  +  E10)  +  f„F  +  fi*E 

+  >7ioGoi  +  2t7oiF01  +  ^nG  +  7703F 

=  3^i0F30  +  ^01E20  +  3^o0F10  +  2£nE10  +  £3lE  +  &0F 
+  ^oiEio  +  2>?ioFn  +  i7hA>0  4-  1?3o(2G10  +  F01)  +  2r;uF10  +  ^30G  +  >?2iF 

—  2f10Fn  +  f01  (En  +  Fo0)  +  ^20Foi  +  £n(E01  +  2F10)  +  ^03E10+  ^31F  +  £13E 
+  2i7oiF1i  +  ’?1o(F034-G11)  +  T720Gol+^11(2F01+G10)4-i702F10H-i731G+T713F 

—  ^ioFqs  +  £01  (Eq2  +  2Fn)  +  2£nF01  +  f03(2E01  +  F10)  +  £13F  +  £03E 
+  3t701F02  +  ^10GC2  +  2i7uG01  +  3t?02F01  +  i?12G  +  rjmE 


clG 

dt 

dG, 


10 


01 


dt 

t^G.lQ 

dt 


dG 

dt 


11 


tlG o3 
dt 


—  ftoGio  +  2^01F10  4  2fnF  +  10^01  +  2i701G10  +  2^nG 

—  £01  (^10  4  2F01)  +  2^02F  +  3i701G01  +  2t703G 

=  2^i0G30  +  2^01F20  +  £20^10  +  4^11F10  +  2^31F 
+  2’?01G30  +  2^10Gn  +  t7,0G0]  +  4^nG10  +  2^31G 

—  ^10^11  +  ^01  (^20  +  2Fn)  +  (2F01  +  G10)  +  2f02F10  -f  2^12F 

+  3i701Gn  +  ^io^cio  +  3i7nG01  +  2>702G10  +  2^12G 

—  2^01  (Fc2  +  Gn)  +  |o2  (G10  +  4F0l)  +  2f03F 
4  477, ,44)2  4  5>7()2G01  4  2r]u:>G 


2x2 
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10.  We  require  expressions  for  the  increments  of  the  derivatives  of  functions  such 
as  cf>  ( x ,  y ),  t//  (x,  y),  .  .  .  ;  for  this  purpose,  we  proceed  as  before.  We  have 


<f>(x  +  K  y  +  k)  =  f  (X  +  H,  Y  +  K) ; 


and  therefore 


m\n\ 


—  coefficient  of  h‘"k"  in  expansion  of  (f>  (X  +  H,  Y  -j-  K) 


_  tun 

m !  n ! 


+  U  dt, 


v  v  Ik  H'  K  ' 

V  '1  p\q\ 

2  2  {hrt  +  {ph'-'fc A  +  qhW-1  B)  dt} 

v  v  p-  <\ ' 


where  U  is  the  coefficient  of  hmk"  in 


that  is,  in 


2  2  ( php~lJcqA  +  qhPkr\ B), 

v  i  p\ql 


v  v  v  v  y  pq 

V  <1  ’•  s  p  !  <]  :  /  :  -S  ! 


(phr+*-lkq+°£rs  +  qhr+W-l7)n\ 


where  in  the  summation  r  and  do  not  vanish  together  and,  if  either  p  or  q  be  zero, 
the  corresponding  term  ceases  to  occur. 

Writing 

^  mn  —  tu n  ~ h  d(j)mn, 

we  have 


d(j)  mn 
dt 


7*  =  0  *  =  0  '  '  \ 


which  gives  the  required  increments  for  derivatives  of  a  function  <f).  Similarly  of 
course  for  the  increments  of  the  derivatives  of  all  functions  similar  to  <£. 

Note. — Just  as  in  the  expressions  for  the  increments  of  the  various  derivatives  of 
E,  F,  G,  we  can  replace,  in  the  expressions  for  the  increments  of  the  various 
derivatives  of  a  function  <£,  the  various  quantities  <//M„  on  the  right-hand  sides  by  </ >M„ 
without  affecting  the  values  of  the  first  increments.  As  before,  second  increments 
are  not  needed  for  our  purpose. 

11.  In  particular,  we  have 
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—  =  <£lo£lO  +  <t>Q\VV) 


<#01  _ 


dt 


—  <£io£)i  ~h  (knV<n 


C~jf  =  2^20^10  +  <£io4)  +  2^>n^10  +  </>0i^?20 


#n  _ 


=  ^11^10  +  ^41  +  ^>10^11  +  ^02^10  +  ^lPfol  +  <£oP? 


11  > 


—  2^-j^oi  ~b  0 10^02  “t-  2^>0o>7oi  +  <A()11?ii2 


—  (l^°  =  #30^10  +  3^20^20  +  *10$»  +  3<^211?10  +  ;i^ll7?20  +  ^01^30 

—  C^p  =  2^21^0  +  +  <fol&0  +  2^20^11  +  <£io£jl 


dt 


+  2^12^10  +  ^i^oi  +  <fo»i?20  +  2^n1?ii  +  ^01^21 

<t>  12^10  +  2</>2i^01  +  2^>n^u  +  ^>20^02  +  ^10^12 
+  taflio  +  2012^01  +  20O2>711  +  <f>nV()2  +  <£oP?i2 


—  =  Hl^Ol  +  3^162  +  ^10^03  +  3<j^031701  +  3<Mo2  +  <£oi*?03 

12.  A  comparison  of  the  expressions  of  the  increments  of  the  derivatives  of  E,  F,  G 
on  the  one  hand,  and  those  of  the  derivatives  of  a  typical  function  (f>  on  the  other, 
leads  to  one  immediate  inference  as  to  the  arguments  that  enter  into  the  composition 
of  a  differential  invariant.  Suppose  that  such  an  invariant  is  required  to  involve 
derivatives  of  a  function  </>  up  to  order  M  in  x  and  y  combined  ;  the  increments  of 
these  derivatives  involve  (among  others)  the  quantities 

£mo,  fjxi5  •  •  •  >  foM  5  ^>11 5  •  •  •  >  ym- 

The  invariantive  property  requires  that  the  terms  involving  these  quantities  must  (if 
they  do  not  balance  one  another)  be  balanced  by  other  terms  involving  these  same 
quantities  ;  and  therefore  derivatives  of  E,  F,  G  up  to  order  M  —  1  in  x  and  y 
combined  must  occur.  And  conversely. 

In  particular,  if  derivatives  of  <j>  of  the  third  order  occur  in  an  invariantive 
function,  it  must  contain  derivatives  of  E,  F,  G  of  the  second  order. 


The  Differential  Equations  Defining  the  Invariants. 

13.  The  invariantive  property  is  used,  exactly  as  in  Professor  Zorawski’s  applica¬ 
tion  of  Lie’s  method,  to  obtain  partial  differential  equations  of  the  first  order 
satisfied  bv  any  invariantive  function.  We  proceed  from  an  equation  such  as 

f  =  n~f; 
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we  substitute,  in  each  of  the  arguments  such  as  u' ,  where 

da 
cit 

the  proper  value  of  obtained  above  for  the  various  arguments ;  we  also  write 


u’  =  u  -p  dt 


"  —  1  +  (£10  +  ^oi)  dt ; 


and  then,  according  to  Lie’s  theory,  we  equate  the  coefficient  of  dt  on  the  two  sides. 
The  functions  £  and  rj  are  arbitrary ;  and  therefore,  in  this  new  equation,  the 
coefficients  of  the  various  derivatives  of  £  and  77  on  the  two  sides  are  equal.  We 
thus  obtain  a  number  of  partial  differential  equations  of  the  first  order  satisfied  by  f 
The  construction  of  the  form  of  f  depends  upon  the  manipulation  of  the  equations. 

14.  The  whole  process  will  be  sufficiently  illustrated  in  its  details  if  we  construct 
the  algebraically  independent  aggregate  of  differential  invariants  which  involve 
derivatives  of  two#  functions  and  \Jj  up  to  the  third  order  inclusive.  In  order  to 
take  full  account  of  the  increments  of  such  derivatives,  it  is  desirable  and  necessary 
to  retain  derivatives  of  E,  F,  G  up  to  the  second  order  and,  in  place  of  the 
derivatives  of  L,  M,  N  of  that  order,  to  retain  the  fundamental  magnitudes  of  the 
second,  the  third,  and  the  fourth  orders.  Thus  the  invariantive  function  involves 
some  or  all  of  the  quantities 

^5  -^10’  -M)l>  -^205  -Li0'2  > 

F,  F]0,  F01,  F20,  Fn,  F02 ; 

p  P  pi  pi  pi 

'JToi’  ^203  vrm  ^023 

L,  M,  N  ; 

P,  Q,  P,  S  ; 

a,  ft,  y,  e  ; 

^1G>  001  >  02O>  010  0023  0303  020  003  > 

^103  0on  'Aco*  ’/'m  002’  030s  020  0i2>  0 03 • 


Denoting  any  one  of  these  arguments  by  v,  the  invariantive  property  gives 

/(...,  u1 .  . .  )  =  n-y  (  .  .  .  ,  u,  .  .  ), 


that  is, 

/(...,  dt,  .  .  )  =  {1  +  (£10  +  V10 )c^)-M/(  •  •  •  3  w»  •  •  )> 

and  therefore 


*  The  form  of  the  results  indicates  the  form  of  the  results  when  more  than  two  functions  occur.  More¬ 
over,  if  more  than  two  functions  of  the  type  of  </>  and  ^  be  considered,  they  are  connected  by  an  identical 
relation. 
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Substituting  for  ^  the  respective  values  for  the  respective  arguments,  and  equating 

the  coefficients  of  the  various  derivatives  of  f  and  rj,  we  have  the  requisite  partial 
differential  equations.  They  are  : — 

f _  9]?  3/  I  p  3/  I  9T  3/  I  3/  .  0/  I  3/  .  -p  3/ 

^  3F,  ^  3F  +  “  L  ay.  ’  1  r  t>  L  0Q  ^  311 


4-  4a  fV  _|_  3 o  3 /  _|_  2y  A  -f  § 

^  0a  ^  P0£^  73y  03 


1  op-  3 /_  ,  9p  3/  1  ,p  3/  1  op  3/  1  np  G 

+  3E,O0E1O+  "  J,n  0EO1  +  ~O0E3O  +  3Ln  3En  +  ~  J°2 0EO3 


2F,a  .§A  4-  F..,  AA  4-  3F,a  +  2Fn  +  F0,  -  ^ 


+  2Flo0Fro+Foi0Fo;  +3F-0F,o 


0E 

11  0F 


11  02  3F03 


1  3/ 

0G 


+  {'ionn  -  0G.,O  1  ~U0G 


_i_  2G  AA  4.  C4  ^ 

1  ^-T20  ori  w  vpi  a  /  , 


JO 


u 


+  *»  M-  +  2K&-  +  *u  #•  +  3^30  §!-  +  2<kn  §r  + 

3</)io  3<p.,0  fTu  3<p30  ^r2i  3<p12 


_3/ 

3»Aio 


+  '/ho  ^'r  +  2^00  k'{  +  ’/'n  0  /  +  Ar~  +  2^21  x •'  -  +  ^12  ~ .  •  • 

Ol/>20  S'/'ll  3t//o0  3i/>21  3^12 


if 

0»i> 


11 


3/1 

3^30 


j3f 


3/ 


•  (I,), 


„  f  —  f  ^  4-  ^G  3--  4-  M  Af  _l  on  Af  4-  Q  4.  2 11  -A  _i_  3s  §A 
ft'  0F  +  0G  +  1  0M  +  ^  0N  +  ^  0Q  +  wl  311  +  3h  0S 

-f  /?  (’1  4-  2y  ^  +  30  fA  4.  4  3/ 

+  P0/3^  y3y^  08  ^  0e 


4-  F  ^ 

+  01 3E 


_i_  y  3A_  1  9p  3/_ 

-* J 1 1  'MT'  ^  '  J02  572 

diy,.. 


01 


0E, 


V  V 


1  9P  3/  .  p  3/  .  9p  0/  I  op  3/_ 

0F1O  +  ^Fqi  0FO1  +l~°  3F30  +  “  11  3Fn  +  ‘  F°2  0FO3 


+  2G 


3/ 


3/ 


+  3G01  ^  +  2G.0  V-  +  3Gn  +  4G02  ■ 

Ti0  ClT0i  dlToQ  CvTjj  C/\JTq2 


3/ 


^  0  f 


+  K  if  +  <kn  if  +  2<fe  if  +  in  if  +  2*„  f  + 

3</>oi  Cj(P\i  ( roa  3^21  fri2 


3/ 

3(/>03 


,  .  3/*  .  .  3/  ,  0 ,  3/'  ,  3/’  9 ,  3/’  ol/f  3/* 

+  '/'oi  p. - b  '/'ll  0-'p  +  2l/l02  r~  +  l//2l  4.  +  ^  12  Yj-~  "b  '03  0  ,0 

3i/»oi  3i//u  ci/>03  3u>3i  di//13  d  y'03 


•  (Ie), 


which  come  from  the  coefficients  of  ltu,  r701  respectively  ; 
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E  %  +  2FI  +  T'al  +  2M I  +  p|  +  2<4 +  3RI 

+  *  0/3 +  2/3  Yy  +  3y  Is +  48  af 

i  f  3/  i  g  ay*  I  9/ 

+  * 10  0EO1  +  ?n  3En  +  0EO3 


+  E 


a/ 


a/ 


a/ 


a/ 


a/' 


10  0F^  ^01  0F  ^20  0F~  ^20)  gp  +  (Eos  +  2Fn) 


+  2F 


10 

a  f 


a/ 


a/ 


a/ 


+(^io+2F01).  ■  +2F20^-'  +(G30+2Fn).  •  +(2F03+2Gn), 

10  OLtqi  O'J'20  O^n  OVTq2 


+  4>io  g£~  +  J,-  +  2^„  +  <#>30  ^  +  2&,  g3-/  +  2  -9A 

O^IJI  0<pn  O<^)03  0921  ^T12  ®9o3 

+  *»££-  +  +  2*,,^  +  *»^£.  +  2*  +3^5  4  =  0.  .  (I3), 

09oi  #11  0902  0921  0912  09os 


2F I  +  G  9F  + 2M 1  +  N  ^  +  3Q  Ip  +  2R^;  +  s  I 


,  ,pa/'  ,  0/  ,  9* 0/  ,  0/ 

+  4/3  0a  +  3y  0iS  +  2S0y  +  e  0S 


a/ 


a/ 


+(E01+2F10)^-  +  2F01J-  +(2En+2F30)^  +(E03+2Fu)^-  +2F, 


a/ 


a/ 


10 


0E 


01 


0E. 


20 


0E 


02 


11 


a/ 

aE02 


+  (F0i  +  G10)  +  G0i  Gy  +  (2Fn  +  G30)  +  (F03  +  Gn)?ip-  +  G03- 

0E  io  0Eqi  20  0ru  r03 

_i_  q.  _i_  9(j  a/  ,  q  a/ 

VJQ1  gQ  W  *-''JTll  3/^  W  'jr02  or* 


10 


0G, 


20 


0G 


u 


+  +,1  +  2^„  £'  -  +  4s  Jr  +  3<As-  3/ 

0*910  0*920  09ll 


+  2*^13  +  <£03  ^ 


+  V-  +  2i//n  i£-  +  4-  +  3^, 


0r/; 


10 


0i//. 


20 


09 


a^3o  1  r  IJ  s<£31  1  ™  a<^13 
a/‘  .  .  a/1  .  a/1  _ .  /T  \ 

+  ^12 Kj~  +  ^03 o',  — 0  •  v-U)> 


n 


a^;: 


30 


0l/o 


a»Ai2 


which  come  from  the  coefficients  of  £01,  >710  respectively  ; 


2E  -Of—  4-  5E  c/  _i_  2F  a/ 
0E1O  +  10  0E3O  +  01  3EU 


+  F  Jf  +  3F10  +  F„- 


0F 


10 


01 


+  G10 


20 

a/ 

3G 


0F 


n 


20 


+  <^>10  g^ 

09s 


+  3</>2o  #  +  M:  +  ^io  +  3^,  +  ^ii  #- 


20 


a  <^>; 


30 


a«^> 


21 


a& 


20 


a^ 


30 


3i//o 


=  0 


21 


*  (II,), 
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2E  M  +  3E10  g-  +  4E01  -V 


3E 


0] 


11 


3Eo-> 


+  E  3F10  +  h  3F01  +  2El0  3F„0  +  (E(J1  +  2tl0^  3FU  +  2h°]  3F02 


+  2F  3G“  +  4F'»  3G7  +  (2F°‘  +  Gw) 


10  uv,20 
¥L  _L  O  A  ?,f 

3^i 


3G 


+  <#  jr  '  +  2<^)20  +  2<^>,|  J;/  +  9io 


3<# 


3<£l2 


n 

i/ 

3\b  1 1 


+  2^,’0  ^  +  2i/»n  4/~  —  0  .  (II2), 
#21  #12 


+  E  M-  +  E10  +  (2E„,  +  FI0)  ^ 


E  aZ 
10  3E„., 

V 


3F 


01 


3F 


n 


3F(e 


+  2F  3L  +  2F10  g  +  (G10  +  4F01)  g 

OvTqj  Cljr||  01^02 


+  <t>io  V?  +  #o  M-  +  #n  v/  +  l/;io  v/'  a  / 

3<p02  3012  d<Pn:l  d902  d9l2 


^  +  39n^=0 
3^03 


(I  Is). 


2F 


^  +  (Eoi  +  4F10)  ^  +  2F01  -9Z 


3E 


10 


20 


3E 


ii 


+  G  ^  +  (2G10  +  F01)  2^-  +  G01  ^ 


20 


11 


+  G 


iZ. 


01  3G 


20 


■  i  3/  ioi  3/  ,  ,  3/  ,  -  3/  ,  o ,  3/  ,  .  3/  _  n 

+  9oi  o  ,  +  #1!  v  +  9os  at - 1"  ’I'oi  o',  +  #u  5-.  +  ^02  o  ,  —  J  • 

0900  o9:5i  ,  3<p.i[  diff.:0  dil/30  #21 


2F  g  +  (E„,  +  2F10)  g-  +  4F01  g 

OjLqi  C/ilin 


Ml 


1  ¥ 


¥ 


¥ 


a/ 


02 


+  F  iSF,,,  +  G  3f'„  +  2F>"  3F70  +  <2F“  +  G“)  3F„  +  2G<"  3F„, 
+  2G  -f  +  4G10  -j-  3G01  -f 

CljT|0  OvXgf)  CVjTjj 


+  *»  39, , + 2</>i1  #0, + 2^  #r2  +  #11 +  ^  si, +  #^  - 0 


(II,), 


(II6), 


E 


01 


+  F  M-  +  F10  J£  +  3F01 


3F, 

3G 


01 


10  3F, 

^10  3G, 


3/ 

3E03 

3/ 

3F03 


+  2G  +  2G10  JZ  +  5G01  xw- 

OCrnr 


02 


+  ^01  Zf  +  #  M-  +  3902  /t"  +  9w  4^  +  ^11  ir~ +  3^°2  =  0  •  ^IIe^ 

#02  #12  0903  #02  #!  2  d903 
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which  come  from  the  coefficients  of  £30,  £n,  {-03,  rj 20,  r)n,  rj02  respectively  ;  and 

2E^  +  Faf;  +  ^|&  +  +“£  =  0 . (In^ 

2E4  +  Eat  +  FX  +  2FaGi  +  ^^  +  ^^“°  '  '  •  <n«' 

2E  +  E  -f-  +  F  -f-  4-  °F  4-  A)  M-.  4.  j,  _  0  /jjj  \ 

0EO3  +  **  3Fn  +  0FO3  +  0Gn  +  ^10  a^13  +  *10  0^12  “  •  •  •  (  i  3)’ 

e  aA  +  2F  Af  +  *10  M-  +  =  0 . (Ill,), 

oh  03  otx03  d</>03  dv//03 

2F  a!"  +  G  M~  +  **>  #/-  +  *1  -3aJ-  =  0 . (nD 

dit30  or  20  C(P30  oif/gg 

2¥ii+Ti£+Gii+2Gii+^  "i+^^°  •  ■  •  (IIIi)> 

F  +  2G  p—  +  </>01  f-/  +  ^0!  —  0 . (UIs)> 

oh  02  dbr03  O<p03  dl//03 


which  come  from  the  coefficients  of  £30,  £31,  £12,  £03,  t730,  t731,  t712,  t/03  respectively. 

15.  Consider  the  set  of  equations  (IIIj)  to  (III8) ;  all  the  Poisson- Jacobi 
conditions  of  coexistence  are  satisfied  so  that,  in  so  far  as  the  third  derivatives  of  <f) 
and  i/j  and  the  second  derivatives  of  E,  F,  G  are  concerned,  the  set  may  he  regarded 
as  a  complete  Jacobian  system.  The  total  number  of  variables  occurring  in  the 
derivatives  of  f  is 

4,  for  the  derivatives  of  </>  of  the  third  order, 


+  4, . xjj . 

+  9, . E,  F,  G  of  the  second  order, 


=  17  in  all ;  hence  as  the  total  number  of  equations  is  8,  there  will  be  nine  algebraic¬ 
ally  independent  solutions  involving  these  17  quantities.  When  we  integrate  the 
set  of  equations  in  the  usual  manner,  we  find  a  set  of  nine  solutions,  apparently  in 
their  simplest  form  when  given  by 
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=  2V*^o  -  (2E,0 

-En)r- 

E^ 

=  2Y2^!  - 

G20r  — 

Eu, 

=  2V**1S  - 

Gur  — 

E02-s 

=  2Y3<£03  — 

-(2F0S 

,  —  G  n).s 

=  2V^30  -  (2F20 

-  En)P  - 

E20o- 

=  2V3i//21  - 

G20p  — 

Encr 

=  2Y  :\fjn  — 

GnP  — 

E02cr 

=  2Y>03  - 

G,y2p  —  (2F„ 

:  Yn)cr 

0  —  E02  —  2Fn  +  G20 
where  V3  =  EG  —  F3,  and 

E^oi  “  E</>10  =  rl  Exfi01  —  Ft//10  =  pi 

G(f>l0—  F^0i  =  «  J  Gi//10—  F^01  =  o-  J 


Any  functional  combination  of  these  nine  quantities  will  satisfy  the  set  of  eight 
equations  which  have  been  considered,  as  will  also  any  functional  combination  of  the 
derivatives  of  <f>  and  xp  of  orders  lower  than  3,  of  the  derivatives  of  E,  F,  G  of 
orders  lower  than  2,  and  of  L,  M,  N,  P,  Q,  It,  S,  a,  (3,  y,  S,  e.  We  therefore  have 
to  find  the  functional  combinations  which  will  satisfy  the  remaining  equations. 

16.  For  this  purpose,  we  make  ux,  u2,  u3,  u4,  tq,  v.2,  v3,  v4,  6 ;  E,  E10,  E01 ; 

F,  I  io?  E01 ;  G,  G10,  G01 ;  </>10,  ^>20?  4 in  4o-2  >  4i0’  'Aon  '/bo>  '/'u?  ’/'os?  the  variables  ; 

and  we  transform  the  set  of  equations  (II,) .  .  .  (1I0),  so  that  the  derivatives  of  f  are 
taken  with  regard  to  these  variables.  Denoting  f  with  the  new  variable  by  f  for  a 
moment,  we  have 

of  __  I  v  3  m*  l  v  3/  pv»  ,  of  c0 

3£  ^  *  du„  0£  ^  *  dvtl  ^  'id  df  5 

for  all  the  quantities  £  in  the  original  equations  ;  the  magnitude  df/d£  is  zero  if  £  be 
not  one  of  the  new  variables. 

The  result  of  the  transformation  is  to  replace  the  set  of  equations  (IIj) .  .  .  (IIG) 
by  the  set 


2E  4-  F  -4-  (h  4-  xb  °f  +  (Q  —  2F  1  ^ 

3E10  +  *  0F1O  +  ^10  o<p2Q  +  +  10  10  M 

+  +  (2E01  -  6F10)r  -  5EI0s]  +  J£.[2V**n  -  G]0r  - 


2E01.s] 


+  +  (2E0l  -  6F,„)p  -  5E10<r]  +  V[2V^11-Glo/.-2Eoltr]  =  0  .  (II,)' 

UUl  CV  O 
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9F  JL  4-  C  4.  <h  0/  ■  t/l  0/ 

-F  a  E,„  +  G  3F,„  +  34„  +  %l  01  30 


+  -  4G,„r  -  (E,„  +  4F>]  +  ^-[2V-*b  -  G,nr 


Vro 


dw. 


did, 


+  a^[«V^„  -  idMP  -  (8#,  +  4F„>]  +^[2V%S 


—  G01  p  — 


2Foi«] 
2F01cr]  =  0 


(II J, 


•>  [,]  _j_  f  i  F  _§/_  i  2F  0^-  -4-  <l)  4 -  xlj  0^  4-  2E  -0- 

-h  3E01  +  3F10  +  3F„,  +  -  3G10  +  *w  3 <f>u  +  V  10  3*,  +  '  30 

-  Fv  V  +  K  [4V***  -  4F10r  -  3E)0s]  +  ff  [4V»*U  -  (G„  +  2F01)  r  -  4B.,* 


+  (G10-2F01)S|f 


E up#-  +  ^[4V!4o  -  4FinP  -  3El0o-J  +  |f[4VVn  -  (G10  +  2F01),>  -  4E01<r] 


+  (G,„  -  2F0])  o-  ff  =  0  .  (TL)', 


d,\ 


9F  i  Tj4  0/  ,  ,<  0/  i  9p  ,  .  3/  i  .  3/  I  9p<  q/ 

-I  -  +  •-  +  G  — 1“  2G  ■  +  9oi  44 — r  V'oi  4,  i  2U10 

0EO1  0F1O  0F()1  oG10  0^>n  #n  M 

+  (E01  -  2F10)  r  |f  +  |f  [4VVn  -  4G10r  -  (E01  +  2F10) »] 

di<1  oi/o 


+  (E0i  —  2F10)  p  ^  4  [4V’i//n  —  4G10p  —  (E01  4-  2F10)  cr] 


+  3|t4V^-3G“r-4F»'S]-G»‘S3^ 


+  ^[4Vsfc-3G0^-4F01o-]-G01o-^  =  °  .  (II5)', 


p  c f  ,  9P  3/’  ,  ,  3/  ,  3/  p  3 f 
E  -  +  2F  3Gnl  +  3^  +  ^  3*„  "  E,°  30 


3F, 


01 


02 


■3^os 

0/ 


+  4^  [2"V  #o0  —  ^F1(Jr  —  E10-s]  4-  44  [6"V  ~<f>H  (G10  4"  4F01)  r  4E01s] 

4E0iO-]  =  0  .  (II3)', 


0ii3 

0/ 


0ii4 

8/, 


+  [2V%,  -  2F mp  -  E10<r]  +  V-  [6V V„  -  (G10  +  4Fm)  p 


F  M~  +  2G  J£-  +  ~  +  *o,  #  +  (E„, 


3F, 


01 


0G, 


01 


0^02 


0^02 


2F  \0^ 


+  |t[2V»^„  -  2G10r  -  E01«]  +  J£[6V^2  -  5G01r  +  (2G10  -  6F„,)s] 


3  iu 


du± 


+  ¥  [2V^n  -  2G mp  -  E01cr]  +  ¥  [6Y2fe  -  5G»iP  +  (2G,0  -  6F01)  <r]  =  0  .  (II,)'. 
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17.  A  special  case  of  these  six  equations  is  discussed*  by  Professor  Zorawski  in 
his  memoir  already  quoted,  viz.,  that  in  which  there  occurs  a  single  function  (b  with 
its  derivatives  up  to  the  second  order  inclusive,  and  there  are  no  derivatives  ot 
E,  F,  0  of  order  higher  than  the  first;  and  he  obtains  three  independent  solutions. 
These  are 

<(  =  2  A  ~(f). j0  +  (E01  —  2FI0)  r  — 


b  =  2 V^M  - 
r  -  2V - 


(xi0r  — 


E,„*  } 

! 

Eoi*  ; 


^oir  +  (G|„  —  2F01)  s  j 


Manifestly,  a,  b,  c  are  independent  solutions  of  the  equations  in  the  present  case  : 
also,  other  three  independent  solutions  are  given  by 


E10<j- 


a'  =  2V2»/q0  +  (E01  -  2F]0)  p  - 

b  =  2 A  (JuiP 

c'  =  2 V'V»02  —  Crolp  +  (G]0  —  2F01)  a  ' 


E 01o-  k 


All  these  six  solutions  are  independent  of  0 ;  ux,  ih,  m3,  h  ;  vl}  v.,,  v.?t,  v{. 

The  Jacobi-Poisson  conditions  of  coexistence  of  the  six  equations  are  satisfied 
either  identically  or  in  virtue  of  the  eight  equations  (IIIj)  to  ( III8),  which  are 
definitely  satisfied  ;  so  that,  taking  account  of  the  variables  that  occur  in  the 
derivatives  of  f  the  set  of  six  equations  is  a  complete  system.  The  number  of  these 
variables  is 

6,  from  the  first  derivatives  of  E,  F,  G, 

+  G,  .  .  .  second  .  .  .  .(f),  \fj, 

+  1,  being  6, 

+  8,  being  ux,  uz,  us,  u„  vlt  vz,  vs,  v4, 

=  21  in  all ;  hence  the  total  number  of  algebraically  independent  solutions  of  the 
complete  system  of  six  equations  is  15.  Of  these,  we  already  possess  six  in 
a,  b ,  c,  a',  b\  c,  so  that  other  nine  are  required. 

The  form  of  the  equations  suggests  that  there  will  be  four  solutions  of  the  type 

un  -j-  aPH  +  bQ,t  +  cR*  +  S„ , 

four  of  the  type 

v„  +  a'P'n  +  b'Q'„  +  c'PJ  n  +  S'. , 

and  one  of  the  type 

Q  ~k  T  „ ; 

which,  when  obtained,  will  be  the  necessary  nine. 

18.  One  mode  of  obtaining  these  solutions  is  as  follows: — AVe  use  the  values  of 
a,  b,  c,  a ',  //,  c'  to  eliminate  from  /’  the  second  derivatives  of  (f>  and  of  \p ;  the  effect  is 

*  Loc.  cit.,  §  26. 
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to  modify  the  form  of  the  equations  (IIj)' .  .  .  (II6/  by  removing  from  them  all' the 
terms  that  involve  those  derivatives.  The  substituted  derivatives  with  respect  to 
a,  1>,  c,  a',  //,  c'  do  not  occur— a  result  only  to  he  expected,  because  these  quantities 
are  simultaneous  solutions  of  all  the  six  equations.  Consequently,  in  any  differential 
operations,  the  quantities  a,  b,  c,  a b',  c'  behave  like  constants. 

In  order  that 

f  =  ux  -f-  oPj  +  bQx  +  cllj  fi-  Sj , 

where  Px,  Qx,  R]5  Sj  are  functions  of  (f>10,  and  of  the  first  derivatives  of  E,  F,  G, 
but  are  independent  of  the  quantities  u  and  v,  0,  a ,  b,  c,  a',  b',  c',  may  satisfy  (IIj)', 
we  must  have 


2E 


'N  'NX 

V  ,  TA  O 


0E 


+  E 


10 


0F 


P  -  -  o 

—  o  , 


10/ 


0 


2F  "  +  F-J  )  B,  =  0  , 


0E 


10 


10/ 


2E  SET„ +  F  alrJ  *■  =  E»>r  +  2E>»S  • 

In  order  that  the  same  quantity  may  satisfy  (II4)',  we  must  have 

a;  +  <•£)'.- • 


2F 


V 


0E 


10 


+  GS|->1  =  °, 


2F  J-  +  Cl  A- )  Sj  =  G10r  -  2  (E01  -  2F10) . 

crio/ 


Similarly,  the  equation  (II  .)/  requires 


E-4  +  2F  J-)@  =  0 
■  C,01  fb01/ 


and  the  equation  (IIG)'  requires 


^  \ 
0 


(F  ;;  +2G  i;  )©  =  <>, 

■  oboi  c,Goi 

for  ©  =  Pj,  Q1}  It,,  Sx.  The  equation  (IE)'  requires 

0  ,  (J 


2E  F  +  E  +  F^-  +2F  \ 

diiioi  <  F  io  c  -^oi  ( h-Tio 


tor  <I>  =  Pl5  Q1#  R1;  and 


<1>  =  0 
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\ 

d 


J0l  “MO 

and  the  equation  (II-)'  requires 

(‘IF-  3 


(2E  F  +E  J,  +  F J  +  2F  :  IS,  =  V 

oHim  c  r  ,n  Or  qj  (  vT|n 


'10 


=  v ; 


•F  “  +  F  (’  4-  G  rJ  +  2G  r  -  )  <I>  =  0 
0EO1+  0F1O  '  0FO1  +  dGj 


for  <I>  =  Pj,  Qt>  HlJ  and 


2F  J-  +  F  -  +  G  J  +  2G  U  -')  S,  =  -  (Ej,  •-  2FJ0)  ,• . 


0E 


0F 


10 


0F 


01 


0G 


10 


We  thus  have  24  equations  giving  the  derivatives  of  the  four  quantities 
P],  Q[,  R1?  Sj  with  respect  to  E10,  E01,  F]0,  F01,  G10,  G01.  Each  of  the  four  quantities 
is  then  given  by  effecting  the  quadrature 


0  = 


00 

0E 


<^E,0  + 


10 


+  dG. 

0GO1 


01 


The  results  are 

2V3P1  =  3  (-  E10G  -  E„,F  +  2F10F) , 

*V*Qi  —  3  (E10F  +  E01E  —  2F10E) , 

2V2R1  =  0  , 

2WS,  =  {EG10(2F10  -  E01)  +  F(E013  -  2E01F10  -  E10G10)  +  GE10E01}  >• 
+  (E  (E013  -  4E01F10  +  4F103)  +  2FE10(E01  -  2F10)  +  GE103}  a 


The  solution  in  question  remains  a  solution  when  it  is  multiplied  by  2  V3 ;  denoting 
this  product  by  k,  we  have 

k  —  2V3w1  +  apx  +  bqx  +  cri  +  r^i  +  sjv 

Similarly  we  obtain 

=  2 V3%  -f  ap 3  +  bq.2  +  cr2  +  re.2  +  sfz  r, 

p  =  2Y%  +  ap,  +  bq3  +  cr3  +  re3  +  */3 

v  —  2\  2ui  +  ap2  +  b<p  +  cr4  +  re±  +  sf± 

where 

Pi  =  3  { —  F  (E01  —  2F10)  —  GE10}  1 

<h  =  3  {E  (E01  —  2F10)  +  FE10[  j 

ri  =  0 

ei  =  —  EG10  (E01  —  2F10)  +  F  (E013  —  2E01F10  —  E10G10)  +  ( 1E10E01 
Si  —  E  (E01  —  2F10)2  +  2FE10(E01  —  2F10)  +  GE103 


P-2  —  2FG10  —  2GE0l 

<h  —  —  2EG10  +  F  (E01  +  2F10)  —  GE10 

r2  =  E  (E01  -  2F10)  +  FE10 

c.z  —  EG103  —  2FE01G10  +  GE013 

f%  —  e\,  above 
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jj3  —  f  (jr0]  G  (2F01  G10) 

' h  —  ~  EG01  +  F  (2F01  +  G10)  —  2GE01 

■r3  =  -  2EG10  +  2EE01  j-  , 

e3  =  EG10G01  +  F  (—  E01G01  —  2F01G10  +  Glp2)+  GE01  (2F01  —  G10) 


./3  — 

Co 

,  above 

Ih  = 

0 

(h  = 

3 

{FG01  - 

G(2F,„- 

Gio)} 

r*  = 

3 

{ —  EG01 

+  F  (2F01 

“  Gio)i 

eq  = 

EG0J3  -  2FG01  (2F01 

—  G10)  +  G  (2F, 

f\  = 

e3 

,  above 

Other  four  solutions  are  given  by 


k  —  2A  -vl  +  a'j) j  +  b qx  +  crl  +  pex  +  crfl  | 

X  —  2\  'Vy  -F  -ff  h  (JZ  “F  c  Vo  ~F  p(J-2  ”F  cr/j  ! 

P "  —  2^V'%  +  vi'p.,  -F  b'q3  +  c'r3  +  pc?t  -F  af3 

v"  =  2\  ~vx  +  u'l>\  +  bfqx  +  crx  +  pex  +  cr/t 

and  there  is  a  last  solution  given  by 

Y  =  E  {(E0]  —  2F10)  G0}  +  G102} 

+  F  {E10G01  —  E01  (2F01  +  G10)  +  2Fl0  (2F01  —  G10)j 
+  G  {E012  —  E10(2F01  —  G10)j 
—  2V2(E02  —  2Fn  +  G20). 


Consequently,  it  follows  that  every  simultaneous  solution  of  the  fourteen  equations 
made  up  of  the  eight  (IIIj)  .  .  .  (III8)  and  of  the  six  (II])  .  .  .  (II, ;),  is  a  functional 
combination  of  the  fifteen  quantities 

a,  b,  c,  a',  //,  c, 

K  ,  \  ,  p.  ,  V  ,  K  ,  A  ,  p.  ,  V  , 

V, 

and  of  the  quantities  derivatives  with  regard  to  which  have  not  occurred  in  those 
fourteen  equations,  viz.,  E,  F,  G,  L,  M,  N,  P,  Q,  It,  S,  a,  /3,  y,  S,  e,  <f>l0,  <f>Q1,  i//01, 

making  34  arguments  in  all  What  now  is  required  is  the  algebraically  independent 
aggregate  of  the  functional  combinations  of  these  34  arguments  satisfying  the 
remaining  four  differential  equations  (I,) .  .  .  (I+). 


o  £  O 
-)0-j 


OF  A  SURFACE,  AND  THEIR  GEOMETRIC  SIGNIFICANCE. 

19.  As  regards  these  equations,  we  replace  (1,)  and  (I3)  by  two  equations  composed 
of  their  sum  and  their  difference.  The  former  is 

2„/=  2  (E  V  +  F  V  +  G IQ  +  2  (L jj£  +  M |j£  +  N  |£ 

I  Q  fp  df  .  Q  3/*  I  T>  3/  .  r,  vf 

+  3lpap  +  Q0Q  +  R3K  +  sas 


.  ,  /  3  /’  .  o  3  f  ,  3  /  I  $  3  ,  0/\ 

+  4(a?a  +  /33^  +  ^3v  +  83S+e0e  > 


\  3a  3/3  '  Oy 

_l_  ‘>  /  p  3/  I  p  (V  I  p  3/  1  P  (f_  _L  Q  VJ  i  Q  CJ 
+  \  10  3E,rt  +  01 3Em  +  10  0F1O  +  U1  3F01  +  10  3GJ0  +  01 0G(l 

_i_  F  r/  4-  F.  r-/ 


no 

+  4  (, lv'°  3E.,0  +  hl  1  0E , ;  +  E°* d£  +  i0  0F2O  +  1<113F11  +  F°~  3F0, 


01 


'W’  ^  /•  ^  r 

i  p  oj r  r,  d/  ,p  vj 

~l  -20  i  "  r  1 1  ^n/^i  I  "x02  'yr\ 


i  0/-1 
cLt 


20 


3G 


n 


3G02 


3/ 


3/ 


+  </>io  G  -  +  </>oi  G - h  $ io  G  + 


3/ 


3/ 


3(/>]0  1  'r"l0^»oi  ‘  in3^io  01 39 


01 


+  2  ( ^20  Gy  +  ^11  pV  +  </>02  i'l  +  xho  zrf-  +  'Ai i  +  9o2  p  , 

\  0920  3<Pu  epos  oi//30  39n  #02 

o/jl  3/,.  0/  ,  .  3/’  ,  3/’ 

+  3  (  9:io  jv — h  921  a  A  +  9 11  -  A  +  <Pu3  ^A 

0930 


3/  .  ,  3/  ,  ,  3/  ,  ,  3/ 


3</>2i  ‘  ri"  3^12  ‘  r,,:!3^03 


,,  3/  ,  .  3/'  ,  3/  ,  ,  0/\ 

4  9:30  3  ,  +  ^21  V',  -  +  ’/'IS  Vi-  +  9o3  ""  1 


The  latter  is 


3^30 


difj2 


3^12  "  3^03/ 


(Ii). 


0  =  2  (E I  -  G  M  +  L  ?£  -  N  I)  +  3P  If  +  « |  -  R  M  -  38 1 


+  4«  5?  +  2/3  -  28  o  _  u  7 

cp  00  oe 


ca 


I  op  3/  1  p  3/  I  p  <  /  _  p  <  J  _  /i  <  J  _  qp  CS 

~i  t>Ji<10  ^u<  1  -^"l  "1  -^lO^p  01  -S  it*  ' '  10  OVJ01  ari 

cxLio  t’Fioi  1 10  c’^oi  c(tio  oG01 

'S  j?  ^  /*  'y  j?  's  /*  5  /•  ^  /* 

j_  qp  3/  .  9p  vj  ,  op  1 7  _  op  c  f  _  0(4  c7  _  4(4  3/ 

1  ^  "20  W  — *^1 1  ot7<  1  ■'”20  *“"02  'Np  ~^T11  -n/  1  ^^t02  ^r\ 


11 


20 


02 


11 


02 


1  /  3  f  1  3/  ,  .  3  f  .  3 

+  9io  5y  ~  9oi  A,  +  9 10  57l  ~  roi  *4. 


3^10 


0^ 


10 


3^ 


01 


+  2  (  A20  ~  ^02  pY  +  ^20  yi/  ~  ^02  ) 

<  920  (  r02  Oyf 20  ^  r02 


+  3^30  +  A21  ~  ^12  5X - 39q3  G 


30 


3^21 


3^12 


34 

3^03 


.  q  .  3/  .  1  3/  .  3;  q  .  0/ 

+  3 ^o  yi~  4-  '/'n  y, —  ^12  ^ ;  -  3^)3  ^ ; 

( rso  cr  :i  (  9)2  09o8 


ft)- 
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Of  these  four  equations  (I/,  (I/,  (I3),  (I+),  the  first  will  be  found  to  be  satisfied 
for  the  various  forms  of  f  that  satisfy  the  other  three,  by  the  appropriate 
determination  of  the  constant  p.  to  be  associated  with  each  such  form.  Also,  (I.,)' 
is  the  condition  to  be  satisfied  in  order  that  (I3)  and  (I4.)  may  possess  common 
solutions.  To  obtain  these  common  solutions,  we  proceed  as  follows. 

Let  the  equations  (I3)  and  (It)  be  written 

v,/=  0,  V2/  =  0. 


Then  by  actual  substitution  we  obtain  the  results 


Also 


and  therefore 


We  write 

k'  -  k,  X'  -  -i-Vr  =  l, 
and  then  these  equations  give 


Vp*  = 

o, 

V.3a  = 

26  ' 

Vyb  = 

a, 

V2&  = 

c 

► ; 

V,c  = 

2  ft, 

VoC  = 

0 

Vxa'  = 

o, 

v#'  = 

21/  ' 

V,//  = 

V36'  = 

c' 

> 

V]C'  = 

2//, 

Voc'  = 

0 

VjV  = 

o, 

VoV  = 

0. 

Vp 

z>  —  o, 

Vo/c'  r 

=  3X' 

—  Vr, 

Vi> 

/  =  k\ 

VoX' 

=  2/ 

~  Vs, 

vy  =  2X'  - 

-  Vr, 

Vo/  = 

=  r', 

Vp 

>'  =  Sfx'  - 

-  v«, 

v.y  - 

=  o, 

Vpy 

•  =0, 

V  = 

=  — 

s, 

Vp 

—  —  r, 

V,s  = 

=  0; 

— 

o, 

V, 

k'  =  3 

k', 

V2(V- 

-  iVr)  =  2 

— 

2(X'-i 

Vr), 

s)  =  it 

— 

3  (/*'-* 

V.v), 

v, 

it  -  0. 

V/  = 
V,/  = 
Vpn  = 
V,Z  = 


0, 

k, 

2/, 

3  m, 


P  - 

V,k 
V2/ 
Vo  m 
V2n 


iV.s  =  m,  v'  —  n ; 


SI  ] 
2  m 
n  j 

0  J 
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Similarly,  we  write 

k"  =  k\  A"  -  $Vp  =  l\  fx"  -  \V<r  =  m',  v”  =  n' ; 

and  we  find 

Vj  k'  =  0,  V,k'  =  3/'  1 

V/  =k\  V/  =  2m'  [ 

V,m'  =  21',  V,m'  =  n'  (  ‘ 

I 

Vpi'  =  3  m',  V.m'  =  0 

These  quantities  k,  l,  m,  n,  k',  /',  m',  n'  replace  k',  A',  p',  v\  k'\  A",  //',  z/' ;  moreover, 
V  is  a  simultaneous  solution  of'  the  equations.  What  we  require  are  the  functional 
combinations  of  the  quantities 

a,  b,  c,  a',  //,  c', 
k,  l,  m,  n,  k',  l\  m',  n\ 

E,  F,  G,  L,  M,  N,  P,  Q,  If,  S,  a,  /3,  y,  S,  e,  </>10,  <£01,  ^10,  ^on 
making  33  arguments  in  all. 

For  this  purpose,  we  transform  the  equations,  so  that  these  33  arguments  may 
become  the  independent  variables.  The  process  would  be  laborious  but  not 
intrinsically  difficult,  were  it  not  that  the  effect  of  the  operators  Vj  and  V2  upon  the 
various  arguments  has  already  been  obtained  ;  and  the  results  are 

2F  S’  +  E  & 

0G  ^  0F 

+ 2M 1  +  L  m 

+8EI+2qM+pM 

+  45a {  +  +  ^  +  «% 

+2b¥o+a% 

+2b'¥+a'% 

+  3m  %  +  +  k  & 

on  cm  at 

\  3m'  &  d-  2 1'  ^ —  d-  k' 

+  0n'  +  0m' +  0  V 


+  ^10 
+  ^10 


3/ 


3<£  oi 

AL- 

0l//( 


=  o 


01 


2  z  2 


(i3y, 
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2F1  +  Glf 

+2Mf{+NI 

i  qq  At  •)]>  At  _i_  g  At 

+  °^gp  +  ^  0Q  +  te0R 

-f  4^  At  _|_  3y  (}.t  20  At  _j_  e  At 

^  P0a^  yd/3^  0y  ^  0S 

+  2  bfjfM 

da  ob 

I  Q  7  At  I  O  9/  .  9/ 

+  37  af+ 5m 

+  2  V  J£  +  c'  *1 
da  06 


_i_  3 1>  Af_  t  om' f,/  i  nt  Af 

+  0P  ^  ^  0/'  +  dm' 


c<p 


10 


+  ’/' 


Ul  o 


0»/i 


=  U 


10 


(V, 


i  cj  ,  dt  .  .  of  .  ct 

9w  zlk  ~  ^oi  4Y '  +  r\o  %r~  ~  roi  q  .  ~ 

0(/)lO  00ol  0^0  0^01 


+  2  ( E  V  -  G  §,  +  L  2f 

\  cE  rlT  f  L 


9/ 


9/ 


\t  9/  i  9/' 

N  +  «  / 

cIN  ca 


/*  ^  /»  »“>  /* 

c^  +  c'^-o'l, 

cc  crt  0c 


0P 


Af  p  Af  ->o  9/ 

-n  —  K  vp  —  ,,h  ^  q 

<  r  1  v  rb 


+  3P  |£  +  Q  I-'.,  -  R  AT.  -  3b 


+  3/,:  —  m  —  3 n 

ck  Cl  cm  cn 


+  3/i;/  0/7/  +  v  %  -  m>  4“>  ~  Sn>  Id 


0/' 


07h' 


0??/ 


£  -I-  -2/?  cf  _  93  §/-  —  Ip  rf 


+  4a^  +  2/8^-20 

ra  0/5  r0 


4e  -4-  =  0 
re 


(i,)' 
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Association  with  Binariants. 

20.  The  expression  of  these  equations  at  once  associates  the  solution  with  known 
results  in  the  theory  of  the  concomitants  of  a  system  of  simultaneous  binary  forms. 
The  equations  (I3)',  (I,.)',  (L)"  are  the  differential  equations  of  the  invariants  of  the 
system  of  binary  forms 

V  J 

(</>io>  ^OlX*)1,  ('/'ho  '/'oil*)1, 

(E,  F,GX*)y  (L,  M,  NX*)*,  («,  h,  cX*)\  («',  V,  c'X*)-, 

(P,  Q,  R,  SX*)\  (*>  l,  nl*)\  (V,  <  nj*)\ 

(«>  A  y>  §,  <8»4, 

or,  what  is  the  same  thing,  they  are  the  differential  equations  of  the  invariants  and 
covariants  of  the  system  of  binary  forms 

w\  —  (’/' io>  '/'oiX^on  <M> 

=  (E,  F,  GX</>oi,  -  </>io)2> 

=  (L,  M,  NX^ou  —  r/>io)X 
w",  -  (a,  b,  cX<f> 01,  -  </>io)2, 

^'"3  =  («'>  V,  c'X'/'on  —  </>io)2> 

W3  =  (P.  Q>  SX^01>  ~  </>loA 
w's  =  (A  ^X'Aon  -  <MS> 

=  (A  A  m',  n'X</>oi,  —  (/>10)3, 

=  (a,  A  y,  3,  eX^on  ~  </>io)4- 
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We  therefore  require  an  algebraically  complete  aggregate  of  this  set  of  invariants  and 
covariants. 

It  is  to  be  noticed  that  the  argument  V  does  not  appear  in  the  equations  (I2)",  (I.,)', 
(1^,)' ;  so  that  it  is  a  solution  of  the  equations,  and  it  must  be  associated  with  the 
required  algebraically  complete  aggregate  of  concomitants  of  the  binary  forms. 

The  three  equations  (I2)",  (I3)',  (I,)'  constitute  a  complete  Jacobian  system,  and  the 
number  of  arguments  which  occur  is  33  ;  hence  the  algebraically  complete  aggregate 
of  solutions  contains  30  solutions,  which  thus  give  the  algebraically  complete  aggregate 
of  concomitants  of  the  system  of  binary  forms. 

This  aggregate  is  known*  to  be  (or  to  be  equivalent  to)  the  following : — 

the  linear  quantic,  n\  ; 

the  quadratic  w,,  and  its  Hessian  (discriminant)  EG  —  F2 ; 

.  .  .  tv'c,, . LN  —  M2 ; 

.  w,rz, . ac  —  Jr; 

....  w"\, . a'c'  -  b /2 ; 

the  cubic  ws,  its  Hessian,  and  either  its  discriminant  or  its  cubicovariant ; 
the  cubic  m/3,  its  Hessian,  and  either  its  discriminant,  or  its  cubicovariant ; 
the  cubic  m>"3,  its  Hessian,  and  either  its  discriminant  or  its  cubicovariant ; 
the  quartic  its  Hessian,  its  quadrinvariant,  and  its  cubinvariant ; 

together  with  the  Jacobians  of  any  one  of  the  forms  w,  say  w,,  with  all  the  rest  of  the 
forms.  This  makes  up  the  requisite  total  of  30. 

The  asyzygetic  aggregate  is,  of  course,  vastly  more  extensive ;  but  for  the  present 
purpose  it  is  only  an  algebraically  independent  aggregate  that  is  wanted.  Many 
modifications  in  the  latter  are  possible  :  what  is  necessary  to  secure  is  that  any 
modification  does  not  interfere  with  the  algebraical  completeness  of  the  aggregate. 
For  instance,  consider  the  set  composed  of 


where 


w,,  EG  -  F2,  w\,  ac  -  b\  J  (  tv,,  it/'2), 

4J  (iv„  «/'„)  = 


dw„  0 W" 


a  QWg  dw.2 

0^io  0^oi  0^oi  0^io 


in  the  asyzygetic  system,  there  is  an  intermediate  invariant  Ec  —  2F0  -fi  G«  ;  we 
have 

J2  =  w,w",  (Ec  -  2F/>  +  G«)  -  w.f  (ac  -  ir)  -  w"£  (EG  -  F2), 


and  therefore,  in  the  algebraical  aggregate,  Ec  —  2F6  +  G a  can  be  included  when 
any  other  (such  as  ac  —  b~)  is  excluded.  Such  a  change  would  be  desirable  if 
differential  invariants,  linear  in  the  quantities  a,  b ,  c,  were  required. 


*  See  a  memoir  by  the  author,  ‘American  Journal  of  Mathematics,’  vol.  12  (1890),  §§  17,  22,  30. 
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21.  Accordingly,  wo  can  take  as  an  algebraically  complete  aggregate,  containing 
the  31.  necessary  members,  the  set  which  follows  : — 

(i.)  v> 

(ii.)  w}, 

(iii.)  J  (w„  Wo)  =  (E^r01  —  Fi//10)  4>()1  —  (Fv//nl  —  Gi/»l0) 

(iv.)  Wo, 

(v.)  H  (wo)  =  EG  -  F~  =  V-, 

(vi.)  w'o, 

(vii.)  J  (Wo,  w'o)  =  (EM  -  FL)  <f>()2  -  (EN  -  GL)  t£01<£10  +  (FN  -  GM)  </>102, 

(viii.)  H  (w'o)  =  LN  —  M~,  or  I  (w2,  w'.2)  =  EN  —  2FM  +  GL, 

(ix.)  w"o, 

(x.)  JK  w"o)  =  (EZ>  —  Fa)  <f>()12  +  . . ., 

(xi.)  H  (w/'.,)  =  ac  —  b2,  or  I  (w.2,  w".2)  =  Ec  —  2F8  +  G a, 

(xii. )  w'"o, 

(xiii.)  J  (iv2,  w'"2)  =  (Eh'  —  Fa')  </>012  +  . . ., 

(xiv.)  H  (w'"o)  =  a'c'  —  //2,  or  I  (w2,  w'"2)  =  Ec'  —  2F //  +  CW, 

(xv.)  w3, 

(xvi.)  H  (tt>8)  =  (PE  -  Q3)  <f>(n2  +  . . ., 

(xvii.)  <1>  (w3)  =  (P2S  —  3PQR  +  2Q3)  <£013  +  . .  ,  or  A  (w>3), 

(xviii.)  J  (w3,  w3)  =  (EQ  —  FP)  <£013  +  •  •  ■, 

(xix.)  w\, 

(xx.)  H  (w'3)  =  (&m  -  Z2)  <£012  +  . . ., 

(xxi.)  <£  (w's)  =  (k2n  —  Skim  +  21s)  <£013  +  . . .,  or  A  (w'»), 

(xxii.)  J  (wo,  w()  =  (EZ  —  F&)  </>013  +  . . ., 

(xxiii.)  w’\, 

(xxiv.)  H(/3)  =  (W-?^01G.., 

(xxv.)  <J>  (ti/'3)  =  (P2n/  —  3 k'l'm'  +  2Z'3)  </>0l3  +  .  . .,  or  A  (w" 3), 

(xxvi.)  I K  u/'8)  =  (EZ'  -  FP)  <£013  +  . . ., 

(xxvii.)  ?tq, 

(xxviii.)  H  (wo)  =  (ay  —  ft2)  (/>012  +  .  . ., 

(xxix.)  I  (w2)  =  ae  —  4/88  +  3y2, 

(xxx.)  J  (  w2)  =  aye  -f-  2/3yS  —  aS3  —  /82e  —  y3, 

(xxxi.)  J  (w2>  w4)  =  (E/8  —  Fa)  (£014  +  .  .  . 

22.  It  is  still  necessary  to  satisfy  equation  (lj)".  This  will  be  effected  as  follows  : 
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when  f  involves  <£l0  and  it  must  be  homogeneous  in  them,  say  of  degree  ml ; 

when  f  involves  i//10  and  ip0l,  it  must  be  homogeneous  in  them,  say  of  degree  m.2 ; 

when  f  involves  E,  F,  G,  it  must  be  homogeneous  in  them,  say  of  degree  m3  ; 
likewise  for  L,  M,  N,  say  of  degree  m4  ;  likewise  for  P,  Q,  II,  S,  sa)r  of  degree  ; 

for  a,  (3,  y,  8,  e,  say  of  degree  m6 ;  for  a,  b,  c,  say  of  degree  m~ ;  for  a',  ?/,  c',  say  of 

degree  m8 ;  for  /.',  /,  m,  n,  say  of  degree  ;  for  //,  l',  m',  nf,  say  of  degree  rnw ;  and 
for  V,  of  degree  mn  ;  provided  the  value  of  g,  the  index  of  the  invariant,  is  given  by 


=  ))!,  +  m,  +  2  (m 3  +  +  3 m-  +  4 mG 


+  6/j?-  +  6  m „  +11  (aJn  +  i»|d)  +  8mu. 


This  relation  determines  the  indices  of  the  whole  system,  as  follows 
Index  =  1 ,  iv y ; 

Index  =  2,  J  (wj,  w.2),  lv.2,  H(a\d,  w’z,  H  (tv\2)  and  I  (ip2,  iv'2) ; 

Index  =  3,  J  (iv2,  iv's),  iv,, ; 

Index  =  4,  V,  iv".2,  I  (ivz,  iv".2),  1  (ic.2,  w'"*),  II  ( ivs ),  J  (  w2,  w:]),  u\,  1  (iv4) ; 

Index  =  5,  J  (iv.2,  w"2),  J  (w.:,  w"'„),  J  (w„,  iv4) ; 

Index  =  6,  H  ( w"2 ),  H  (w'"2),  4>(/r; 3)  and  A  (a’3),  H  (w4),  J  (ic4) ; 

Index  =  7,  iv'B,  w".A  ; 

Index  =  8,  J  (• w.2 ,  tv'3),  J  (tfo,  w"3) ; 

Index  =  12,  H  (tf'3),  H  (w"B) ; 

Index  =18,  <b(u/3),  <4>(/E'3) ; 

Index  =  22,  A  (iv'B),  A  (w"3). 


23.  All  these  are  relative  invariants,  that  is  to  say,  when  the  same  function 
F  of  new  variables  is  formed  as  the  function  /’is  of  the  old  variables,  then 


where  u  is  the  index  of  f.  and  H  =  ^  In  order  to  have  the  absolute  invariants, 

0  ( x ,  y) 

it  is  sufficient  to  divide  each  of  them  bv  a  proper  power  of  any  one  of  them.  For 
this  purpose,  we  choose 

V2  =  H  (wz)  =  EG  -  F2 ; 


we  can  regard  V  as  of  index  unity,  and  therefore  it  will  be  sufficient  to  divide  the 
relative  invariants  by  a  power  of  V  equal  to  its  index.  We  therefore  have  the  set 
of  30  absolute  invariants,  given  by 
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0 
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ye 

9 
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’ 
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22  5 
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These  thirty  differential  invariants  constitute  the  algebraically  complete  aggregate 
in  terms  of  which  all  invariants ,  involving  (i.)  some  or  all  of  the  derivatives  of  the 
fundamental  magnitudes  E,  F,  G,  L,  M,  N,  up  to  the  second  order  inclusive,  as  well 
as  the  magnitudes  themselves,  (ii.)  the  magnitudes  P,  Q,  B,  S,  ct,  /3,  y,  8,  e,  (iii.)  and 
the  derivatives  of  two  functions  </>  and  ip  up  to  the  third  order  inclusive,  can  be 
expressed  algebraically.  But  it  is  to  be  noted  that  this  inference  is  concerned  solely 
with  the  partial  differential  equations,  and  it  assumes  that  the  various  quantities 
E,  F,  G,  L,  M,  N,  and  their  derivatives  are  independent  of  one  another ;  if  any 
relations  should  subsist,  owing  to  the  intrinsic  nature  of  the  magnitudes,  then  t lie 
number  of  invariants  in  the  above  complete  aggregate  will  be  diminished  by  the 
number  of  relations. 

Now  one  such  relation  is  known ;  it  is  the  relation  commonly  associated  with 
Gauss’s  name,  and  it  expresses  LN  —  M2  in  terms  of  E,  F,  G,  and  their  derivatives 
up  to  the  second  order  inclusive.  But  LN  —  M2  is  H  (id,)  in  the  foregoing  set ;  and, 
as  will  be  seen  later  (§  35)  in  the  course  of  the  geometrical  interpretation,  we  have 

V  =  4H  (>r,)  H  (id,), 

so  that  the  number  must  be  diminished  by  unity.  Accordingly,  the  algebraically 
complete  aggregate  of  differential  invariants,  involving  the  magnitudes  up  to  the 
sjtecficd  order  of  derivation,  contains  29  members;  in  terms  of  these  members,  every 
other  invariant,  involving  the  same  magnitudes  up  to  the  specified  order  of  derivation, 
can  be  expressed  algebraically. 

24.  As  an  illustration  of  the  remark  in  §  G,  we  can  obtain  Minding’s  expression  for 
the  geodesic  curvature,  quoted*  by  Professor  Zorawski  as  an  invariant.  Let  (p  —  0 
be  the  equation  of  the  curve,  then 

<£io  +  =  0  > 

<f> 2o  +  2^11  y'  +  <f>o?y'2  +  4>o\V"  —  b  ^ 

so  that 

*oiV  =  ^20^01'  ^‘(f>n<f,io4>oi  ^irf- 
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Now  w"zV~i  is  an  invariant,  as  also  is  w.zY  3 ;  hence 


w 


is  an  invariant,  say  U,  so  that 

TT  _  JL  -HoAlO  +  C<f> 1(T 

V  (E</>013  -  2F^]0  + 


V  (E<£013  —  2F  <f>n<f>l0  +  G(/>102): 


Vw2* 


[{2^  :(j)20  +  (E01  —  2F10)  r  —  E10.9}  </> 


01 


2  5(2^  ~(f)n  —  G107*  E019}  (f) 01^10 

"P  -<f)().2  —  G01r  +  (G10  2F01)  s}<^102] 


— — - -E- - [-  2 VV  +  (2GF01  -  GG10  -  FG01)  y'3 

V  (E  +  2Fy  +  G?/3)G  j  v  01  10  01/l/ 

+  (2GE01  +  2FF01  -  3FGl0  -  EG01)2/'3 

-  (2EG10  +  2FF10  -  3FE01  -  GE10)y' 

-  (2EF10  -  EE01  -  FE10)] 


9 

Li 

77  ? 


according  to  Minding’s  expression  for  the  geodesic  curvature  ;  or  the  geodesic 
curvature  of  the  curve  (f)  =  0  is  the  invariant 


1  JLa 

2  T7’  *• 


25.  It  is  possible  to  make  further  inferences  from  the  results.  Thus  we  can  settle 
the  algebraically  complete  aggregate  of  invariants  up  to  the  order  of  derivatives 
retained,  when  those  invariants  are  required  which  involve  derivatives  of  E,  F,  G,  and 
only  one  function,  say  <£.  They  manifestly  constitute  the  aggregate,  complete  up  to 
the  order  specified,  of  all  the  functions  that  remain  invariant  when  the  surface  is 
deformed  in  any  way  without  tearing  or  stretching,  account  being  taken  of  a  particular 
curve  (f)  =  0,  and  the  invariance  persisting  through  all  changes  of  the  independent 
variables  of  the  surface.  This  aggregate,  algebraically  complete  up  to  the  order 
specified,  consists  of  the  nine  members 


W?, 

V 

V3’ 

y+ 5 

w"< J 

H  (w\ 

-  and 

I  (w o,  w" 

8)  J 

(W,,  tv"o) 

yr  ’ 

V6 

yi 

V5 

w's 

H  «) 

J( 

iv.2,  w\) 

<t>  (ll)' 

^  and  — 

y7  ’ 

y  12 

3 

ys 

yis 

the  first  five  of  which  were  given  by  Professor  Zorawski,  who  considered  the  specific 
aggregate  only  up  to  one  order  lower. 
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26.  If  we  require  the  aggregate  of  invariants  of  this  class  involving  derivatives  of 
E,  F,  G  up  to  order  n  —  1  and  derivatives  of  up  to  order  n,  the  number  of 
members  in  that  algebraically  complete  aggregate  can  he  obtained.  The  total  number 
of  members  is 

0 

rr  ; 

it  is  composed  of  i  (n  —  1)  (n  —  2)  quantities  which  do  not  involve  the  derivatives  of 
(f),  these  quantities  being  called  Gaussian  invariants  of  deformation,  and  their  number 
having  been  determined*  by  Zorawski  ;  and  of  \n  (n  +  3)  —  1  quantities,  each  of 
which  involves  derivatives  of  <f>.  To  make  up  the  latter  aggregate  of  \n  ( n  +  3)  —  1 
quantities,  we  need  (in  addition  to  the  binary  forms  already  used)  other  binary  forms 
of  orders  4,  5,  .  .  .  ,  n  ;  among  these,  the  binary  form  of  order  m  (for  all  values  of  m) 
has  <£ol  and  —  <f>lQ  for  its  variables,  and  its  coefficients  are  linear  in  the  derivatives  of 
(f>  up  to  order  m  inclusive ;  and  the  members,  that  would  occur  in  the  simplest 
expression  of  the  aggregate  through  the  existence  of  the  binary  form  of  order  m, 
would  be  the  quotients  (by  proper  powers  of  V)  of  the  binary  form  itself,  of  the 
m  —  1  (Hermite’s)  associated  covariants,  and  of  the  Jacobian  of  w,  and  the  binary 
form,  making  m  +  1  in  all.  Thus  the  total  number!  up  to  order  n  is 


1  +  3  +  4+  .  .  +n 


—  \n  (n  +  3)  —  1, 

the  number  in  question. 

27.  If  we  require  the  aggregate  of  differential  invariants,  which  involve  derivatives 

of  E,  F,  G,  L,  M,  N  up  to  order  n  —  1  and  derivatives  of  a  single  function  <£  up  to 

order  n,  the  number  in  that  algebraically  complete  aggregate  can  be  obtained  as 

follows.  We  can  replace  the  derivatives  of  L,  M,  N  of  the  specified  orders  by  the 

introduction  of  the  fundamental  magnitudes  of  orders  3,  4,  .  .  .  ,  n  +  1  defined  as 

^  •  *  doc  (l  if 

the  coefficients  in  the  various  powers  of  '  and  / 

as  as 

quantities 


in  the  complete  expression  of  the 


dl  1\  (P  ( 1\  dH~l  / 1  \ 
ds\Pr  dsApf  ■  '  ’  'dtr-Apr 


where  p  is  the  radius  of  curvature  of  the  normal  section  through  the  tangent  defined 


i  dx  cly  ,,  Vli.  dx  dy 

by  -r-,  and  the  arc-differentiation  ot  7  ,  -+ 
J  ds  ds  '  ’ 


is  taken  along  the  geodesic 


ds  ’  ds 

tangent^. 

When  n  —  2,  the  system  of  binariants  is  composed  of  three  quadratic  forms  witli 
their  three  discriminants,  a  cubic  form  with  its  set  of  two  associated  covariants,  and 


*  In  his  memoir,  §  13. 

f  It  will  be  noted  that  VV-4  in  the  aggregate  in  §  22  is  a  Gaussian  invariant  of  deformation,  and  so  is 
included  among  the  £  (n  -  1)  (n  -  2)  quantities  which  do  not  involve  <£. 
t  For  the  significance  of  this  remark,  see  §31,^osf. 
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the  Jacobian  of  one  of  the  quadratic  forms  with  the  other  two  quadratic  forms  and 
with  the  cubic  form,  being  12  in  all.  To  include  the  next  higher  order  given  by 
n  —  3,  we  need  a  cubic  form  with  its  set  of  two  associated  covariants,  a  quartic  form 
with  its  set  of  three  associated  covariants,  and  the  Jacobian  of  each  of  the  forms 
with  the  originally  selected  quadratic  form,  being  9  in  all.  And  so  on  in  succession  : 
the  total  number  of  binariants  is 

12 +  {(9 +  11  +  13+  .  +(2/i  +  3)} 

=  n~  +  4  n. 

With  these  must  be  associated  the  \{n  —  1)  (n  —  2)  quantities  that  do  not  involve 
the  derivatives  of  <f>,  these  being  the  Gaussian  invariants  of  deformation  ;  hence  the 
total  number  is 

fa2  +  \n  +  1. 

But  these  are  relative  invariants  ;  each  of  them  must  be  divided  by  the  appropriate 
power  of  V  so  that,  as  one  of  them  is  V2  and  the  quotient  is  unity,  thus  making  the 
function  no  longer  an  invariant  of  the  surface,  the  number  of  absolute  invariants  is 

f  n2  +  -§  n 
—  in  (3/i  +  5). 

28.  Lastly,  if  we  require  the  aggregate  of  differential  invariants  which  involve 
derivatives  of  E,  F,  G,  L,  M,  N  up  to  order  n  —  1,  and  derivatives  of  two  functions 
</>,  \fj  up  to  order  n,  the  number  can  be  obtained  in  a  similar  manner.  As  in  §  27, 
we  replace  the  derivatives  of  L,  M,  N  of  the  specified  orders  by  the  fundamental 
magnitudes  of  orders  3,  4,  .  .  .  ,  n  +  1.  The  algebraically  complete  aggregate  of 
relative  invariants  of  the  surface  up  to  the  orders  specified  is  composed  of  two 
portions.  The  first  includes  the  ^  (n  —  1)  (n  —  2)  quantities  which  do  not  involve  the 
derivatives  of  r/>  and  x/j,  these  being  the  Gaussian  invariants  of  deformation,  as  before. 
The  second  is  the  algebraically  complete  aggregate  of  the  system  of  concomitants  of 
a  set  of  binary  forms,  each  divided  by  a  proper  power  of  V  in  order  to  give  rise  to 
an  absolute  invariant  of  the  surface.  This  set  of  binary  forms  contains 

1  quantic  of  order  1, 


4  qualities 

9 

•  •  ^9 

o 

O 

o 

.  .  o, 

3  .  .  . 

•  .  4, 

3  .  .  . 

.  .  n, 

1  quantic  . 

.  .  n  +  1, 

being  3n  in  all.  With  them  must  be  coupled  (a)  their  (Hermite’s)  associated 
covariants,  the  number  of  which  is 

1  .  0  +  4  .  1  +  3  (2  +  3  +.  +  (n  -  1)}  +  1  .  n 
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=  +  1  ;  and  ( b )  the  Jacobian  of  any  one  of  the  qualities  with  each  of  the 

rest,  being  3/i  —  1  in  all.  Thus  the  tale  of  the  concomitants  of  the  binary  forms 


=  \n  +  (f  nz  —  In  +  I)  +  3  n  —  1 
=  fn2  +  V-n. 

But  these  are  relative  invariants  ;  each  of  them  must  lie  divided  by  the  appropriate 
power  of  V,  so  that,  as  one  of  them  is  V2,  and  the  quotient  is  unity,  thus  making 
the  function  no  longer  an  invariant  of  the  surface,  the  number  of  absolute  invariants 
from  this  source  is  |m2  +  -^-n  —  1.  Thus  the  required  aggregate  of  invariants  of 
the  kind  specified  up  to  order  n  is,  in  all,  equal  to 

i  (n  —  1)  (n  —  2)  +  fn2  +  —  1 

=  2 n*  -b  4 n. 


29.  But  all  these  numbers  are  subject  to  diminution  by  as  many  units  as  there  are 
algebraically  independent  relations  among  the  invariants,  which  do  not  occur  merely 
through  algebraical  forms,  but  arise  through  intrinsic  relations  associated  with  the 
general  theory  of  surfaces.  One  such  relation,  being  Gauss’s  equation,  has  already 
(§  23)  been  mentioned  ;  so  that  the  number  2 nz  +  4n  would  certainly  be  diminished 
by  unity.  It  might  happen  that  certain  other  combinations  of  the  fundamental 
magnitudes  of  the  various  orders  could  be  expressed  in  terms  of  E,  F,  G  and  their 
derivatives,  the  combinations  being  invariants  of  the  set  of  binary  forms,  and  the 
expressions  in  terms  of  E,  F,  G,  and  their  derivatives  being  invariants  of  deformation. 
Each  such  relation  would  diminish  the  number  2  a2  +  4 n  by  a  single  unit. 

So  far  as  I  am  aware,  Gauss’s  equation  is  the  only  relation  of  the  type  indicated 
which  has  already  been  established  ;  but  there  is  reason  (§  5G)  for  surmising  that 
other  relations  of  that  type  do  actually  subsist. 


PART  II. 

Geometric  Significance  of  the  Invariants. 

30.  The  algebraically  complete  aggregate  of  the  invariants  of  a  given  surface  and 
of  any  two  curves  drawn  upon  it  has  been  proved  to  be  determinable  by  the  develop¬ 
ment  of  Lie’s  method,  as  used  by  Professor  Zorawski  for  the  invariants  of  deformation. 
The  actual  determination  of  the  members  of  those  ao-o-reo-ates,  which  belong  to  the 
lowest  orders,  has  been  made.  Each  such  invariant  has  a  geometric  significance, 
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and  the  significance  of  some  of  them  is  known  ;  we  proceed  to  consider  this  aspect  of 
the  invariants. 

In  dealing  with  binariants,  several  methods  are  possible.  There  is  the  symbolical 
method.  There  is  the  method  dependent  upon  the  use  of  canonical  forms  for  the 
various  functions  ;  the  complete  expression  of  each  binariant  must  be  used  through 
each  operation  ;  in  the  present  instance,  the  canonical  form  would  arise  by  taking  (p 
and  if/  as  the  independent  variables  on  the  surface.*  There  is  the  method  that 
depends  upon  the  characteristic  property  of  binariants,  by  which  the  leading  term  alone, 
being  sufficient  to  determine  the  binariant  uniquely,  is  used  to  replace  the  binariant. 
The  last  of  these  methods  will  be  used. 

31.  We  denote  by  s  an  arc  of  the  curve  (p  =  0,  so  that  d/ds  implies  differentiation 
along  the  curve  ;  and  we  denote  by  d/dn  differentiation  in  a  direction  on  the  surface 
perpendicular  to  the  curve.  Where  no  confusion  will  arise,  we  shall  use  x',  x",  ...  in 
doc  d^oc 

place  of  ‘  ,  — — ,  .  .  .  ;  and  so  with  quantities  other  than  x. 
ds  ds 1 

In  constructing  the  fundamental  quantities  of  order  higher  than  the  second,  a 
normal  section  through  the  tangent  to  (p  is  drawn ;  successive  derivatives  of  the 
curvature  of  this  section  at  the  point  are  constructed,  and  the  values  of  the  second 
derivatives  of  x  and  y  are  those  connected  with  the  geodesic  property  at  the  point,  t 
Accordingly,  it  is  effectively  the  geodesic  tangent  to  (p  that  is  drawn  ;  we  shall  denote 
by  t  an  arc  of  this  geodesic,  so  that  d/dt  implies  differentiation  along  the  geodesic. 
As  the  curve  and  the  geodesic  touch  one  another,  we  have 


du 

ds 


du 

dt 


when  the  quantities  relate  to  tangential  properties  only ;  but 

du  du 
ds  dt 

is  not  zero  when  the  quantities  relate  to  contact  of  higher  orders.  Thus 


but 


dx dx  dy  _  dy 

ds  dt  ’  ds  dt 


d  f  1 

ds  \  p 


<L_f  1 
dt 


j  ’ 


where  \  is  the  circular  curvature  of  the  geodesic  tangent,  is  not  zero. 


*  This  method  is  used  by  Darboux,  ‘  Th^orie  gen<5rale  des  Surfaces,’  vol.  3,  p.  203. 
t  See  the  paper  quoted  in  §  4. 
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The  Independent  Magnitudes  connected  with  the  Curve. 


32.  Various  magnitudes  connected  with  the  curve  (f)  =  0  are  required;  we  take 

--  =  its  circular  curvature, 

P 

=  its  curvature  of  torsion, 

T 


1 

f 

P 

1 


the  circular  curvature 
the  curvature  of  torsion 


of  the  geodesic  tangent, 


—  =  its  geodesic  curvature, 

P 


R  =  the  radius  of  the  osculating  sphere, 

tut  —  the  angle  between  the  normal  to  the  surface  and  the  principal  normal 
of  cj)  =  0,  and 


B  = 


d(f> 

dn 


where  dn  is  the  normal  distance  at  the  point  of  </>  =  0  from  the  curve  (f>  +  d<fi  =  0. 
Further,  we  write 

A  =  Lx'2  -j-  2M x'y'  +  N y'2, 

w  =  1  Ex'  +  F  y',  Fx'  +  Gy' 

V  Lx'  +  My’,  Mx'  +  Ny'  ’ 

^  _  1  Ex'  +  F y',  rnx'2  +  2 m'x'y'  +  m'y’~  +  Ex"  +  F y" 

V  Yx'  +  Gy,  nx'2  +  2 n'xy'  +  ri'y'2  +  Fx"  +  Gy"  ’ 


with  the  customary  notation  for  m,  m',  m",  n,  n',  n"  ;  then  A  =  0  gives  the  asymptotic 
lines,  W  =  0  gives  the  lines  of  curvature,  N  =  0  gives  geodesic  lines.  Moreover, 

W~  =  AH  -  A‘2  -  K, 


where  H  and  K  are  the  mean  curvature  and  the  specific  curvature  of  the  surface  at 
the  point,  viz., 

H  =  —  +  —  ,  K  =  —  , 

Pi  P-2  PlPi 

px  and  p.2  being  the  principal  radii  of  curvature.  We  have  the  relations* 

*  See  Stahi.  und  Kommerell,  ‘Die  Grundformeln  der  allgemeinen  Flachentheorie,’  §  It,  for  some 

of  them. 
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1  COS  TTi 

p  p 

I  _ sin  & 

n 

P  P 

I  _ 

T  CIS 


=  A, 

=  I>, 
W. 


1 


,  =  -  W, 


R3  =  p2  +  T2 


*(dP\* 


ds  ’ 


dt  (7)  =  <p'  Q> R’  ^ 


d~  /  1 


dd 


,  =  («,  A  y,  3,  e^x',  2/')*  5 


in  the  last  two  equations  x'  and  y'  are  used  in  place  of  dx/dt  and  dy/dt ,  to  which 
tli ey  are  equal  respectively.  The  relation 


at  once  gives 
and  we  also  have 


W-  =  AH  -  A-  -  K 


T-  \Pl  pJ\p  PJ 
1 


1  1 


(  n  dp  ,  dp"  \ 

T  7'  “  p'2  +  p'h  \p  ds  P  ds  ) 

4  =  *2  +  "4a  » 

P  P  P 

so  that  t,  p,  and  It  are  expressible  in  terms  of  p,  p" ,  t  and  of  their  derivatives. 


rri  Tr  7  /.  dx  dy  dx  dy 

Ihe  I  antes  of  >  -f  >  >  /  • 

06'  os  dn  dn 


33.  As  regards  C^X  (; 


and  therefore 


x')  and  (=  y’),  we  have 

0io*;  +  0oi2/  = 
Ex'-  +  2Fx-y  +  Gy'3  =  1 ; 

_  0oi_  /  _  _  010  , 

’  \/ Wa 


Next,  differentiating  along  a  direction  in  the  surface  that  is  perpendicular  to  the 
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tangent  to  <b,  vve  take  the  direction  determined  by  il.r/dn  and  dy/dln  as  being 
perpendicular  to  the  direction  determined  by  x'  and  y' ;  hence 


-f  Gy'  dy  =  o. 

J  dn 


Moreover 

and  therefore 


E  (d*)  +  2F  -f  dy  +  G  (dfl  f  =  1  ; 

\dnj  dn  dn  \dnj 

^=-v(F^  +  Gy)  =  v^(-^,l  +  G«, 

cfe  =  v  +  Fy)  =  yVw,  (e^*  ~  F<^>’ 

the  quantities  in  the  brackets  in  the  last  expressions  being  the  quantities  r  and  s  of 

§  15- 

Identification  of  the  Simplest  Invariants. 

34.  Using  these  results,  we  can  at  once  obtain  the  interpretation  of  several  of  the 
invariants.  We  have 

B  =  df 
dn 

—  k  dx  A  dV 
_  \/w., 

~  y 


and  therefore 
Again, 


w-i  =  B3. 

ye 

A  =  (L,  M,  NX*',  y'f 
=  1  (L,  M, 

IV  a 


w\2 

ll'o 


and  therefore  by  the  relations  in  §  32,  we  have 

id’  B3 


ye 


Also 


1 


W  =  "  {(EM  —  FL)  x’~  +  •  .  .} 
V 

=  v1Wi{(EM-FL)^  +  . 


j  (w.„  w'o] 

Vie, 


3  B 
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and  therefore,  by  the  relations  in  §  32,  we  have 

J  (w0,  w'2)  _  B2 

v3  ~  “  7 ' 


The  result  of  §  24  gives 


I)  -  _  1  '<2_  , 
2  Vuv 


and  therefore,  also  by  the  relations  in  §  32,  we  have 

B3 


w"0 


Also 


V4'  p" 


U  (  V)  =  (P,  Q,  R.  SI,:',  y'f 


(it 


_ 


so  that 

and 


Wy 


V3 


=  B3—  (V\  : 


dt  \p' 


so  that 


SC')  =  (“• /3’  r.  *.  ‘X*'.  ?/)* 

=  -t  , 

IV  p 


^4  _  pi  /  I  \ 

v4_  ’  MpV 


35.  Certain  invariants  occur  as  belonging  to  the  surface,  independent  of  all  curves 
such  as  (j)  =  0.  Of  these,  the  most  important  is  W~4 ;  its  value  is  given  by 

v4  PlPz  Iv> 

But,  as  is  well  known,  we  also  have 

LN  -  M2  1 

so  that  we  have 


EG  -  F2  PlPt 
V  =  4V2H  «). 


=  K, 


This  is  a  relation  among  the  differential  invariants,  and  it  is  due  to  the  intrinsic 
nature  of  the  quantities  E,  F,  G,  L,  M,  N  ;  accordingly,  the  number  of  algebraically 
independent  invariants  up  to  the  present  order  must  (§  23)  be  diminished  by  unity, 
on  account  of  the  preceding  relation. 

It  was  noted,  in  §  21,  that  H  and  I  (w2,  tv'i)  are  alternatives  in  a  complete 
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system,  when  w.:,  Ft  (w2),  tv'2,  J  {w2,  w' 2)  are  retained  ;  as  a  matter  of  fact,  the 

relation 

J2  (w2,  w’ 2)  =  I  (w,,  w'2)  w2w\  —  H  (w.2)  w'2]  —  Ft  ( w’2)w2 3 
subsists.  Now  the  significance  oft  ( w iv'2)  is  known  :  we  have 

1  (w2,  w'o)  __  1  ,  1 

v*  Pl  +  P2- 

Accordingly,  we  substitute  the  values  that  have  been  obtained,  and  we  find 


1  /  1 


'2 


P  \P  1  P  2' 

1 

P\ 


P\Pi 


1  ). 
Pi! 


again  the  well-known  relation  giving  the  torsion  of  a  geodesic  at  any  point.  This 
torsion  vanishes  when  the  geodesic  is  a  tangent  to  a  line  of  curvature. 


Interpretation  of  the  Remaining  Invariants  Associated  with  w2,  w'2,  w'2i  wz. 

3G.  We  require  the  derivatives  of  w2 ,  v/2,  w"2  with  respect  to  the  arc;  for  this 
purpose  we  shall  use  the  property  already  quoted  (§  30) — that  a  binariant  is  uniquely 
determined  by  its  leading  term  which,  in  the  present  instance,  is  the  term  involving 
the  highest  power  of  <£01.  Writing  generally 

u  —  f  ^)j01  —  2g<f>0l(f){0  -f- 

we  have 

=  2 ^oi  ^ nX> ’ +  _  2^i  (^ao»'  +  M)  +  •  •  • 

+  W  +  /01  ?/r)  +  •  •  •  , 

so  that 

\fw.2  ~r  =  4>u\*  (2./V»ii  ~  29<f>z 0)  +  •  •  • 

( fo 

+  <£oi3/io  +  •  •  • 

=  ys  K/6  -  .?«)  I'll'  +  •  •  ■  ( 

+4*  [{/(EGm-  FE01)+S  (EE01-2EFM+FE10)+Vy10}  4>3+  •  ■  ]• 


Firstly,  let  /’  /?.  =  E,  F,  G,  so  that  w  becomes  w2 ;  then,  on  reduction,  we  find 


v/ 


-  dv.>0 


ds  ~ 


J  (iv2,  w' 


,) 


+  ^(EG10-2FF10  +  GE10)*)1  + 


1  5 


3  b  2 
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and  consequently 


/—  §l(wi\  -  J  (w'2>  w"a) 


V4 


Secondly,  let  f  g,  h  =  L,  M,  N,  so  that  u  becomes  vi\  ;  then,  on  reduction,  we 
find 

=  w3  +  y}-  [w'J  (w.2,  w"s)  —  w'r 2J  (Wo,  w'2)} 


+  ^  {(EG10  -  2FF10  +  GE10)  </>01  +  .  .  .  } 

and  consequently 

y/wl  (!  [tJ§)  =  -  { w'J  (w2,  w"2)  —  ivnJ  {w,,  w'2)}. 

~ds\\~  Vhv*  '  ~  v  ~  3 

'  /V 

Thirdly,  let  f,  g,  h  =  a,  b,  c,  so  that  u  becomes  w/'2  ;  then,  on  reduction,  we  find 

=  i  yl  +  {(EGl0  -  2FF10  +  GE10)  ^ 


h 


and  consequently 


The  first  of  these  gives 


d  ( w"z\  _  i  w’ 
1  w*ds  \Y4/  “  2  Y 


J  (it'.,,  IV  2)  _  oT32 

V5  ~  ^  ds ’ 


and  the  third  of  them,  taking  account  of  the  value  of  w"2  which  has  already  been 
obtained,  gives 

w\  _  _  4j>  ^  Z®3' 

V7“  ds\p"j 

The  second  of  them  can  also  be  used  to  identify  J  (w2,  io"2),  because  all  the  other 
quantities  occurring  in  the  relation  have  been  identified  ;  the  value  is 

Substituting  the  earlier  value  on  the  left-hand  side,  we  have  (after  a  slight 
reduction) 

d  (  1  \  d  (  \ 


Mi 


ds 


n  n 

p  T 


being  an  illustration  of  the  remark  in  §  31,  and  showing  that  in  general  the  rate 
of  change  of  the  curvature  of  a  normal  section  is  not  the  same  along  the  curve  ^>  =  0 
and  the  geodesic,  both  of  which  touch  that  section.  The  result  can  also  be  written 
in  the  form 

^=T  +  2DYV,  ^  =  T, 
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with  the  earlier  significance  for  A,  D,  W,  and  T  is  given  by 

T  =  (P,  Q,  II,  SXV,  yj ; 

and  another  form  is 

d  (w'.\  _  _ w"n J  (w.2,  w'.2) 

ds  \iv.i )  W; j*  V-«y 


37.  We  require  derivatives  of  some  of  the  binary  quadratics  with  respect  to  an 
arc  in  the  surface  normal  to  the  curve  </>  =  0  ;  for  this  purpose,  we  proceed  as  in  §  3G. 
We  take 

u  =f<f> oi3  -  2^01^10  + 

and  we  have 

V  ^on^n  (—  F<£oi  +  •••)  +  ^02  (K0oi  +  •••)} 

—  2^oi{^2o(—  E<£01  +  •  •  •)  +  <£n  (F^oi  +  •••)) 

+  ^OlM/lO  (~  1^01  +  .  .)  +/oi  (E<^01  +  ••)}+ . 5 

and  so,  after  some  transformation  and  reduction,  we  find 

VV%"“  =  ^)/(Eo-F0-,(E6-Fa)!  +  .  .  . 


+  4>01s  {/E  (EG01  +  FG10  -  2FF0I)  -  (/F  +  jrE)  (EGW  -  FE0I) 
+  #E  (—  EE01  -f  2EF10  —  FEln)  +  V-(—  F/10  4-  E/01)}  +  , 


Firstly,  let/,  A  =  E,  F,  G,  so  that  u  becomes  iv2.  The  coefficient  of  the  first  term 
in  the  earlier  aggregate  is 

=  EJc  -  2EF6  +  F-rt 


=  E  (Ec  -  2F6  +  Ga)  -  V-a, 

and  therefore  that  aggregate  is 

=  W,l  (>r,,  W\)  -  WV 

The  coefficient  of  the  first  term  in  the  later  aggregate  is 

E  {  -  F  (EG10  -  2FF10  +  GE10)  +  E  (EG01  -  2FF01  +  GE01) 
and  therefore  that  aggregate  is 


Consequently 


=  V  y/tc< j  -ln  • 

VVA  =  ^2  I  w"3)  —  Wltf'h  +  W3V \ZW2  > 
Vi  /^T  A  =  ;t>2 1  (to,,  to",)  -  V'V',. 


and  therefore 
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Inserting  the  values  of  the  invariants  that  are  already  known,  we  have 


and  therefore 


B  .  2B  ~  =  B2 1 K’ +  2  Bl , 

an  V4  p 


I  (w2,  v/'„)  _  id B  _  B 

A74  \dn  o" 


Secondly,  let  /’  g,  h  =  L,  M,  N,  so  that  u  becomes  w'2.  Proceeding  in  the  same  way, 
we  find 


; -  d  lw\ 


X’a^/w2  Jn (y22 )  =  (w2,  w"2)  +  Y2J  (w2,  U',)  —  J  {V~w'2iv" 2  +  J  (w2,  U)'2)  J  (w2,  w"d) } , 

Inserting  the  values  of  those  invariants  which  have  already  been  obtained,  we  have 
(after  a  little  reduction) 

J  (w,,  V)?y )  _  po  d  f  1  \  _  2B~  (7B 
V4  '  ~  dn\p'J  Vr  ds  ’ 

Thirdly,  let  f,  g,  h  =  a,  6,  c,  so  that  u  becomes  w"2.  Proceeding  in  the  same  way 
as  for  w2,  we  find 

(  V4  )  =  u’sH  K's)  ~  +  |J  (^g,  O- 


2  dn  \  A74  / 

Now  we  have  retained  I  (w2,  w"2)  in  our  aggregate,  in  place  of  H  (w"2),  so  that  the 
latter  must  be  removed  from  the  foregoing  expression  :  as  the  relation 

32(iv2,  w"2)  =  w2w"2l  (w2,  w"2)  —  tryll  (w"2)  —  w"2Wz 

holds,  we  have 

(yp )  =  (?%  «/3)  —  -|it?23V  +  w2w”2I  (w2,  w"2)  —  w”£N'1  —  J2  (w2,  iv"2). 

Inserting  the  values  of  those  invariants  which  have  already  been  obtained,  and 
reducing  the  equation,  we  ultimately  have 

B\  ,  ,  dV>  2 

P 

It  may  be  noted,  in  passing,  that  the  above  equation,  which  gives  the  relation 
between  I  (?%,  w"2)  and  H  (w"2),  leads  to  the  expression  for  H  (w"2)  in  the  form 

H  (w"2)  _  _  B  ^B  _  A  fdBy 


J  (lV2,  W' 3)  _  pg  d  j  u  \  .  p2  j  \  ,  J_6piTZ 

Y8  “  4b  dnL"r  \ds  + 


V6 


dn  V ds J 


38.  Again,  it  is  known  that 


V2  =  GP  -  2FQ  +  Ell,  Y2  ?K  =  NP  -  2MQ  +  LR 

ox  ox 

V2|H  =  GQ  -  2FR  +  ES,  V2^  =  NQ  -  2 MR  +  LS 
oy  oy 


and  therefore 
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v/w,Vs°®  =  (Gp  _  2FQ  +  ER)  4>,n  +  (GQ  -  2FR  +  ES)(-  <j>w) 

as 


=  «, 


say,  where  a,  is  a  covariant  of  the  system  with  index  easily  seen  to  be  equal  to  3. 
Now  it  is  easy  to  verify  that 


(EQ  -  FP)3  =  (GP  -  2FQ  +  ER)  EP  -  (EG  -  F2)  P3  -  (PR  -  Q2)  E3, 
and  therefore  that 

J3  (w2,  ?a3)  —  w2wsax  —  Vhv o3  —  w.2m  (w3). 


Consequently  a,  is  expressible  in  terms  of  the  members  of  the  system  ;  when  the 
expression  is  substituted  above,  the  result  enables  us  to  obtain  the  value  of 
H  (ir. 5)  V-4.  But  it  is  simpler  to  modify  the  original  system  of  concomitants  in  §  21  : 
we  can  replace  H  (ie3)  in  that  aggregate  by  a,,  and  the  modified  aggregate  still  is 
complete.  For  the  significance  of  al5  we  have 


<h  _ 

V3  ds  ' 

Further,  we  have 

^  =  (GP  -  2FQ  +  ER)  (-  F<f>ol  +  G f„) 

+  (GQ  -  2FR  +  ES)  (E^,„  -  F<£10) 


=  a2, 


say,  where  a2  is  a  covariant  of  the  system  with  index  easily  seen  to  be  4.  It  is  easy 
to  verify  that 

E3  (P3S  -  3PQR  +  2Q3)  -  EP3  ]E3S  -  3EFR  +  (EG  +  2F3)  Q  -  FGP[ 

=  -  3EP  (EQ  -  FP)  (GP  -  2FQ  +  EH)  +  2  (EQ  -  FP)3  +  2Y3P3  (EQ  -  FP), 

and  therefore 


(>v.,)  —  w2w32a2  +  (tVo,  iv3)  —  2J tvs)  —  2Y3wj33J  (w2,  ws)  —  0. 

Consequently  a3  is  expressible  in  terms  of  members  of  the  system ;  when  the 
expression  is  substituted  above,  the  result  enables  us  to  obtain  the  value  of  $  (?e3)  Y-G. 
But,  as  in  the  last  case,  it  is  simpler  to  modify  the  original  system  of  concomitants  in 
§  21  :  we  can  replace  <4>  (ie3)  in  that  aggregate  by  a2,  and  the  modified  aggregate  still 
is  complete.  For  the  significance  of  a2,  we  have 
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An  Aggregate  for  the  Lowest  Orders  of  Derivatives. 

39.  It  may  be  remarked  (and  it  is  easy  to  verify  the  statement)  that,  if  we  desire 
an  algebraically  complete  aggregate  of  invariants,  involving  derivatives  of  (f>  alone  up 
to  order  2  at  the  utmost,  and  derivatives  of  E,  F,  G  up  to  order  1,  and  the  fundamental 
magnitudes  of  the  first  three  orders  and  no  other  quantities,  such  an  aggregate  is 
composed  of 
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Every  other  invariant  of  the  surface  involving  only  the  same  quantities  that  occur 
in  these  invariants  can  be  expressed  algebraically  in  terms  of  the  members  of  this 
aggregate.  The  geometrical  significance  of  each  of  the  members  has  been  obtained  ; 
if,  therefore,  the  geometrical  significance  of  any  additional  invariant  is  known,  the 
algebraic  equation  expressing  the  invariant  in  terms  of  the  retained  aggregate  will 
express  a  property  of  the  surface  and  the  curve.  Such  additional  invariants  are 

tfK. 

dn 

and  the  curve. 


they  should  accordingly  lead  to  properties  of  the  surface 


provided  by  and 


Two  New  Relations. 

40.  We  have 

=  (NP  -  2MQ  +  LB)*,,  +  (NQ  -  2MB.  +  LS)(- 

But 

(LQ  -  MP)2  =  (NP  -  2MQ  +  LB)  LP  -  (LN  -  M2)  P2  -  L2  (PR  -  Q2) , 

and 

LQ  —  MP  =  {L  (EQ  -  FP)  -  P  (EM  -  FL)}  ; 

hence,  taking  account  of  the  relation  among  the  leading  terms  of  the  various 
concomitants,  we  have 
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Consequently 
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so  that  ^  is  expressed  in  terms  of*  the  members  of  the  retained  aggregate.  Sub¬ 
stituting  the  values  of  the  invariants  in  the  equation  and  dividing  out  by  V3B  after 


substitution,  we  find 
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a  property  which  can  be  changed  also  into  other  forms,  e.g.,  by  using  the  relation  in 

d 
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§  36,  which  expresses  ^  f  1 ,)  in  terms  of  ^  (  *,)  and  other  magnitudes.  Effecting 

this  change,  and  substituting  for  ,  'j-  (^]  ,  their  values  in  terms  of 
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derivatives  of  px,  p.:,  p\  we  can  express  the  relation  in  the  form 
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Proceeding  to  construct  the  other  invariant  that  was  suggested  in  §  39,  we  have 
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Let  u  denote  the  leading  coefficient  on  the  right-hand  side,  so  that 
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and  let  ah  denote  the  leading  coefficients  of  a|;  a.:  respectively,  so  that 

a1  =  GP  -  2FQ  +  ER, 
a2  =  E-S  -  3EFR  +  (EG  +  2F3)  Q  -  FGP. 

Then  it  is  not  difficult  to  establish  the  identity 

Eu  =  L*2  -  2  (EM  -  FL)  «}  +  (EN  -  2FM  +  GL)  (EQ 

-  (EG  -  F2)  {L  (EQ  -  FP)  -  P  (EM 


-  FP) 
-FL)}. 


Noting  that  all  the  quantities  on  the  right-hand  side  are  leading  coefficients  of 
covariants,  we  change  the  identity  into  a  relation  among  covariants  ;  and  the  result, 
on  division  throughout  by  tv2,  is 
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so  that  clK/dn  is  expressed  in  terms  of  the  members  of  the  retained  aggregate 
Substituting  the  values  of  the  invariants  in  the  equation  and  dividing  out  by  V4B 
after  substitution,  we  find 
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Effecting  the  same  transformation  as  before,  by  taking 
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we  find 
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Identijication  of  the  remaining  Invariants  obtained  in  §  23,  imth  some 

Modifications  of  the  System. 

41.  M7e  proceed  now  to  the  identification  of  the  invariants  of  the  next  higher  order 
of  derivatives  ;  these  involve  derivatives  of  <b  of  the  third  order,  derivatives  of  i jj  of 
the  third  order,  and  the  fundamental  magnitudes  of  the  fourth  order.  The  method 
used  is  similar  to  that  adopted  in  the  preceding  sections;  we  form  derivatives,  with 
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regard  to  s  and  to  n,  of  the  invariants  already  interpreted,  identify  the  new  forms  by 
means  of  some  member  of  the  complete  aggregate,  and  thus  we  obtain  the  interpreta¬ 
tion  of  that  member.  Accordingly,  we  shall  usually  state  the  results  without  the 
calculations,  the  laborious  character  of  which  is  greatly  lightened  by  using  the  leading 
terms  of  the  covariants  only. 
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Inserting  the  values  of  the  invariants  which  occur  in  this  equation,  and  using  the 
relation 
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obtained  in  £  36,  we  have 
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on  using  the  expression  for  -  j  I  \  j  obtained  in  §  40.  The  fact  that  the  value  of 
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is  different  from  zero  is  another  illustration  of  the  remark  in  §  36. 
We  also  have 
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when  we  substitute  for  the  respective  invariants  and  reduce,  we  obtain  an  expression 
for  J  (tv,,  tv4)  in  the  form 
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and  the  expression  can  be  further  modified  by  substituting  the  value  of  ^  ~  given 
in  §  40. 

42.  As  the  quantity  H,  the  measure  of  the  mean  curvature  of  the  surface  at  the 

point,  has  occurred  in  the  invariants  a,  and  a.:,  and  as  the  quantities  (j  ^  and  (!  ^ 

ds  (hi  (hi  as 


are  not  equal  to  one  another,  we  construct  the  quantities 
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It  will  appear  that,  by  means  of  the  second  and  the  third  of  these,  we  can  obtain  the 
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J2  (w,,  w4)  =  w,  ivA\) ,  —  wq2H  (w4)  *  Vho2. 

Hence  the  invariant  fq  is  expressible  in  terms  of  the  members  of  the  system  ;  when 
the  expression  is  substituted  above,  the  result  enables  us  to  obtain  the  value  of 
H  (uq)  V~f’.  But  it  is  simpler  to  modify  the  original  system  of  concomitants  in  §  21  ; 
we  can  replace  H  (iv4)  in  the  aggregate  by  (),,  and  the  modified  aggregate  is  still 
complete.  The  index  of  fq  is  manifestly  4. 

When  the  various  values  are  substituted,  we  find 
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Let 


F  =  )  E  (G/3  -  2Fy  +  E8)  -  F  (C 
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Consequently  F  is  expressible  in  terms  of  members  of  the  system  and  of  4>  (a>4)  ;  and 
<4>  (ic4)  is  expressible  in  terms  of  w4,  H  (w;4),  I  (w4),  .T  ((v4).  When  the  various 
expressions  are  substituted,  we  can  modify  the  system  of  concomitants  in  §  21  ;  we 
replace  any  one  of  them,  say  I  (w4),  by  F,  and  the  modified  aggregate  is  still 

complete.  The  expression  for  ^  (  y.; )  then  gives  the  significance  of  ty,  the  index  of 

which  is  5  ;  when  the  values  of  the  invariants  already  interpreted  are  substituted, 
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To  simplify  the  system  we 


44.  We  proceed  in  the  same  way  with  ^ 
introduce  a  covariant  F  of  index  G,  defined  as 


this  covariant  is  expressible  in  terms  of  n\,  IT  (u\),  I  (w4),  J  (ifJ4),  J  (u\2,  ic4)  and.  as 
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H  (  w4)  and  I  (w4)  have  already  been  replaced  by  fp  and  In,  we  replace  J  (rt>4)  by  fy3, 
leaving  the  modified  aggregate  still  complete.  Then  we  have 
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which,  after  substitution  of  the  known  invariants  and  some  reduction,  leads  to  an 
expression  for  fi,  in  the  form 
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giving  also  the  value  of  “  —  as  an  invariant. 


45.  The  expressions  for 
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it  will  be  sufficiently  illustrated  by  constructing  the  first  of  them.  From  the 
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expressions  for  Y2  ,  Y2  —  in  §  38,  we  find  the  following  by  differentiation  : 
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The  actual  values  are  found  to  be 
<l~x  s 
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where  r  and  s  on  the  right-hand  sides  have  the  values  given  in  5  15.  Now 

V2'^S  =  +  2V-H„*y  +  v2H,ty-  +  v~hio*"  +  VH„iy"  ■ 

when  we  substitute  the  values  of  the  various  quantities  and  reduce,  we  have 
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the  same  value  as  before  (§  42). 
Again,  we  know*  that 
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we  find,  after  substitution, 


Consequently  we  have 
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*  See  the  paper  by  the  author,  quoted  in  §  4. 
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another  illustration  of  the  remark  in  §  3G.  It  may  similarly  he  proved  that 

d-K  _  d- K  1  dK 
ds 3  dt*~~p"dn‘ 

These  are  particular  cases  of  the  theorem,  which  can  similarly  be  established  :  If 
H  denote  any  quantify,  winch  is  connected  with  any  point  on  the  surface  and  the 
expression  of  which  is  independent  of  the  curve  (f>  =  0  through  the  point ,  then 


i I'Ll  _  d-n  __  1  dn 
d?  dt~  ~  p 
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46.  Proceeding  to  the  identification  of  the  two. invariants  H  (w/3)  and  <f>((F3),  which 

involve  the  coefficients  of  v)\,  we  construct  -(~  I  (w2,  w"d)  and  ~  I  (w.,,  v/'.d,  and 

ds  ~  dn 

we  find 
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Let  these  covariants  be  denoted  by  ej5  o,  respectively,  so  that 
C{  =  (Em  —  2FZ  +  GJc)  (f)tA  -f  .  .  . 

4  =  {E  (E»i  -  2Fm  +  G  l)  -  F  (Em  -  2FZ  +  Gk)}  <f>0l  +  ... 


Then  c,  can  be  used  to  replace  H  (w.f)  in  the  aggregate  as  cp  replaced  H  (w3),  and 
c2  can  be  used  to  replace  <h  (w'f)  in  the  aggregate  as  a.,  replaced  <h  (w3),  in  each  case 
without  affecting  the  completeness  of  the  aggregate.  The  index  of  c,  is  7  ;  that  of 
e..  is  8.  Their  significance  is  given  by 
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-  4B 


d-  (  B,)  +  t  B:K 


dn 


47.  We  have 
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w.-,a]  —  ?03V3 
V3”' 


—  y5  J  K,  w'°)  I  ™"2)  -  oArs J  (w2>  ™\) 1  (^2.  O 


2  V5 


+  vk  ^w’~ J  ^ ^  J  (Wa’ 


When  substitution  is  made  for  the  various  invariants,  and  the  reduction  is  effected, 
we  find 


2  \  1  2  cZB  1 

p)p"  B  ds  7  ’ 


(Z  / 1  \  _  _  (Z  /I  \ _ 2 _ /tj  _  2  U  (ZB  ,  cZH 

cZn  V/  "  <Zs  V7  pV  V  pv  B  (Z.s  +  cZs 


d  fl\  _  /tt  _  2\  1  (ZB  cZH 
dt  \p'J  V  p!  B  cZ.s  ^  ds 


which  are  relations  obtained  earlier  (§  40).  They  show  that  -  J 

expressed  in  terms  of  the  other  magnitudes. 

We  also  have 


(?) and  ^  (?) oan  be 


w 


(Z  J  J  (w2,  w"2) 


VW>dn  1  V 


J  (w.2,  w” o)  I  ( iv.2 ,  w"o)  +  ^ 


1  _  1  w  3 

Yv  2  V3  ' 


All  the  covariants  that  occur  in  this  relation  are  known  ;  when  we  substitute  their 
values  and  reduce  the  resulting  expression,  we  find 

df B  _  ^ZhB  _  1  cZB  (ZB _ l_  (ZB 

dsdn  dnds  P»  ds  dn  p"  ds 

This  result,  and  the  corresponding  result  obtained  for  H  in  §  43,  are  special  cases  of 
the  theorem,  which  can  be  established  by  using  the  invariantive  forms  :  If  O  denote 
any  quantity,  which  is  connected  with  any  point  on  the  surface  and  the  expression  of 
which  is  independent *  of  the  curve  cf>  —  0  through  the  point,  then 

dHl _ d2Cl  _  1  (ZB  (Zfl _ 1  (ZO 

ds  dn  dn  ds  B  ds  dn  p"  ds 


48,  Similarly 


vS  5  }}  =  ^  ti»".  i  K  w\)  -  «)}  +  w»2 


*  The  value  of  B  is  not  independent  of  the  curve;  but  B  is  one  of  the  fundamental  quantities  for  the 
expression  of  properties  of  the  curve,  and  its  expression  is  an  irresoluble  variable. 
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after  substitution  and  reduction,  we  have 


1  =  2K 

B  ds2 


d  (  1 

dn 


Also,  we  have 


(  -77  )  d - 77}  + 

\p  1  O  " 


1  d  BY 


B  ds  /  ", 


r~  d  [  J  («>2>  w9) }  J  (t%  *c+)  }  K  (tr2,  w'2) 

v  Wo  ^  1  V4  I  W4  2  X74 


V4 


V 


V4 


=  i  _  ^  J  O  J  K  ^  +  V*  “}  ; 

thence  a  value  of  J  (iv2,  w 4)  is  obtained  in  the  form 

J  (tv2,  iv  j)  _  d2  (l\  !  K  2  (/H  .  1  d  (1  \  2/1  cZB\3 

B3Y5  “  ds  dn  W)  +  2  r  p"  ds  +  o"  dt  V/  V'  \B  ds  J 


+ 


2  (ZB  r  d  (l 


.)  +  (hAH 

p)  p 


B  ds  1  dn\p 

Comparing  this  value  of  J  (w2,  w 4)  with  the  value  that  was  obtained  in  §  41,  we  find 

d*  fi\  d 3  m 

\pj  dn  ds  l  p'J 

4  /I  tZB\3 


ds  dn ' 


=  2±(  J-U 

r'  dn \p")  ^ 


1  d B  cZ  /l  \  1  d  (l  \  _  K 

Bds  cZn\p7  p"dt\p'J  r' 


t'  \B  tZs  /  " 


Lastly,  we  have 

V  ^  A  |  _  Bi.  +  Hi  _  J  K  {2„v^v=  - 1 K  O  V} 

J  (rt^O)  IV  0)  -  3  T  /  \  T  /  /'  \ 

=  -  yo  -  al  +  .JV6  J  iWZ>  wd  1  (iy2>  ™  2) 


g 

+  o  V4  \w?d  (w 2>  w'.'2)  —  w"2J  (w„,  w3)}. 
Z  l(J o  v 


When  we  substitute  the  values  of  the  invariants  in  this  expression  and  reduce  the 
result,  we  find 

d?  /I  .  _  d-R  _  „  / R  _  _2\  _  J  cZH  _  cP  / 1  \ 

dn*\pr)  ds 3  \  p'7  p"cZ/i  dt2  [p'j 


+ 


>  ,/-H 

B  Pdnds 


P 

dBdR  ,  dB  d  /  L 
ds  ds  +  ds  dt  \p 


2  dB  f/H  _  2_\  cZB  _  1_  cZB  | 

'  B3  ds  1\  p'J  ds  t  dn  J  * 

It  is  to  be  noted,  from  the  results  obtained  in  this  section,  that  and 
are  expressed  in  terms  of  the  other  magnitudes  retained  ;  or,  if  we  choose,  we  can 

cZ3B 

regard  the  last  relation  as  determining  -7—,  in  terms  of  the  other  magnitudes 

Ct  io  CL  & 

retained. 
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Invariants  involving  Derivatives  of  Two  Functions. 

49.  Among  the  aggregate  of  invariants  set  out  in  §  23,  there  still  remain  nine 
as  yet  uninterpreted  ;  but  their  expressions  involve  derivatives  of  the  function  ip. 
Five  out  of  these  nine  involve  derivatives  of  no  higher  order  than  those  which  occur 
in  the  invariants  interpreted  in  §§  34-38.  In  order  to  obtain  their  interpretation,  it  is 
convenient  to  associate  with  them  invariants  which  depend  upon  ip  alone  and  bear 
the  same  relation  to  ip  alone  as  some  of  those  already  interpreted  bear  to  <p  alone  ; 
and  then  the  complete  aggregate  can  be  simplified  by  replacing  some  of  the  original 
forms  by  some  of  the  associated  forms. 

For  this  purpose,  let 

W'"3  =  (a',  b',  cTXPox,  ~  fa,)2, 

W2  =  (E,  F,  G^01,  -  *Piof> 

J  (W2,  W"'s)  =  (El/  -  Fa')  faf  -  (Ec'  -  Ga')  ^Who  +  (Fc'  -  G V)  faf, 

Ai  =  a'^oi^oi  ~  V  (Qoifao  +  <k\ofao)  +  c'faQfa0, 

fa  =  2  (El/  —  Fa')  (p01xp01  —  (Ec'  —  Ga')  (<J>01fa0  +  fa 0xp01) 

+  2  (Fc'  —  Gb')  fa0fa0  ; 

then  we  establish  (and  it  is  easy  to  verify)  the  equations 

J2  (u’l5  iv a)  —  w,W,  +  Yhv/2  =  0, 

—  w'"2J  (u\,  iv./)  +  wl J  (w2,  w'" 2)  =  0, 

A:2  -  w'\ W'"2  +  w2 H  (wm./)  =  0, 
h\2A2  —  2J  (wz,  w"'/)  J  (wlf  w./)  +  u\ w.:  I  (ivz,  iv"'.2)  =  2V~w1w"'2, 

A22  -  4J  (i%,  «/"2)  J  (W2,  W'"2)  =  w*  (I2  (w,,  w'"  2)  -  4V2H  (• w"'.2 )}. 

The  first  of  these  equations  shows  that  W2  can  be  regarded  as  known  ;  it  is  not  an 
independent  invariant  but,  if  we  wished,  we  could  replace  w:  by  W2  in  the  complete 
aggregate  without  affecting  the  completeness.  This  change  will  not  be  made ;  we 
shall  retain  W2  as  a  quantity  convenient  for  other  purposes  and  alternative  to  w2  in 
the  aggregate. 

The  second  and  the  third  equations,  combined  so  as  to  eliminate  A,  show  that  W'"2  can 
be  regarded  as  known  ;  it  is  not  an  independent  invariant  but,  if  we  wished,  we  could 
replace  w’"2  by  W'"2  in  the  complete  aggregate  without  affecting  the  completeness. 
This  change  will  be  made. 

The  fourth  and  the  fifth  equations,  combined  so  as  to  eliminate  A2,  show  that 
J  (W2,  W'"2)  can  be  regarded  as  known  ;  it  is  not  an  independent  invariant  but, 
if  we  wished,  we  could  replace  J  (w2,  w/"2)  by  J  (W2,  W'"2)  in  the  complete  aggregate 
without  affecting  the  completeness.  This  change  also  will  be  made. 

3  d  2 
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The  five  invariants  that  remained  for  interpretation  were 


wx  J  (ivlt  iv2)  w"\  J  (w2,  w'"2)  I  (w2,  w'"2)  _ 

V  ’  y-  ~  ’  V4  ’  Y5  5  Y4  ’ 

after  the  changes  that  have  been  made,  the  five  are 

J  K,  w2)  W\  J  (W2,  W\) 
y’  ys  ’  y*  ’  y&  5  y»  ’ 

of  which  the  last  may  also  be  written  I  (W2,  Ww2)  V-4.  The  interpretation  of  the 
first  two  of  these  is  easily  obtained  ;  for  the  interpretation  of  the  remaining  three, 
which  involve  derivatives  of  ip  but  not  of  </>,  the  results  of  earlier  interpretations 
can  be  used. 

50.  For  the  purpose  of  the  interpretation,  we  need  certain  geometric  properties 
of  the  curve  rp  =  0.  Let  els'  denote  an  elementary  arc  along  the  curve,  and  dn'  an 
element  along  the  normal  to  the  curve  ;  and  let 

a  —  # 

”  dnr 

Further,  let  denote  the  circular  curvature  of  the  geodesic  tangent  to  ip  =  0, 
P 

and  —  the  curvature  of  torsion  of  that  tangent ;  also,  let  denote  the  geodesic 

T  ^  P  yf, 

curvature  of  i//  =  0.  Then  W2,  W'"2,  I  (W2,  W'"g),  J  (W2,  W'"2),  stand  to  i/»  =  0  in 
precisely  the  same  relation  as  tv2,  iv”2,  I  ( w2 ,  w"2),  J  (w.2,  iv"2)  to  <£  =  0  ;  and  therefore 


W2 

ye 

W'"„ 

Y4 


=  A2, 


2  A3 
//  > 
P  * 


I  (W9,  W"t)  _  0  [dk  A 
'Y4  \dn' 


//  r 
P 


JJW2,  Ww2)  _  2  dk 

V5  “  ds • 


Moreover,  we  have 


dx  _  ipQ^  dy  _  —  vjr ip  . 
ds  v/W,’  ds  yw2  ’ 

so  that,  if  A.  be  the  angle  at  which  <p  =  0  and  ip  =  0  intersect,  we  have 


cos 


,  dx  dx  .  -p  (dx  dy  .  dy  dx\  .  n  dy  dy 
x  =  E  ^  +  1  (  ds  els'  +  ds  ds'  +  G  ^  M 


ds  ds 

_  d  (yy  wt) 
s/wM„  ’ 


cZs  c?s' 
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and  therefore 


Also 


and  therefore 


J  (w},  w2) 

V2 


=  AB  cos  X. 


sin 


X  =  V 


(lx  dy 
dd  els 


dy  dx 
ds'  ds 


Ywx 

V tr.:  W2’ 


Vh 

V 


=  AB  sin  X. 


We  can  regard  the  quotient  of  the  last  two  invariants  as  giving  the  angle  X  ;  and 
we  can  regard  the  sum  of  their  squares  as  defining  the  magnitude  A.  Clearly 

J2  (uq,  w2)  +  Yhv\  =  V'A2B2 

=  Wo  Wo, 

a  relation  already  used ;  it  may  be  further  used  to  replace  J  (wq,  wd)  by  W2. 

51.  The  general  theory  shows  that  all  other  invariants,  which  involve  derivatives 
of  (f)  and  ip  up  to  the  second  order  inclusive,  derivatives  of  E,  F,  G  of  the  first  order, 
and  the  fundamental  magnitudes  of  the  first  three  orders,  can  be  expressed  in  terms 
of  the  aggregate  already  retained,  composed  of  the  eleven  invariants  selected  in  §  39 
and  the  five  just  identified,  viz.  : — 

t*i  J  K,  W2)  W2  W'"2  J  (W2,  W;//2)  I(W2,W'"2) 

y  ’  y*  ys  ’  y*  ’  y3  y< 


It  is  not  without  interest  to  illustrate  the  property  by  one  or  two  simple  examples. 

Consider  the  circular  curvature  of  the  geodesic  tangent  to  xfj  =  0  ;  after  the  result 
in  §  34,  it  manifestly  will  be  given  by 


W',  _  A2 . 


according  to  the  theory,  it  ought  to  be  expressible  in  terms  of  the  invariants  retained. 
Take 


VT  =  L <£01t/r01  —  M  (^oi^io  +  (f> io'/'oi)  +  ; 


then  we  have  the  equations 

Vj2  =  w'jW'j  -  iv* H  (to' 2), 
ivy  ^  =  id  2 J  (wx,  w.2)  —  «qJ  (u>2,  ivd) ; 

and  therefore 


w2  {w/2W'2  —  uq2H  (w'2)\  =  {wd J  (uq,  w.2)  —  uq J  (w2,  id 2)}2. 
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When  the  geometric  values  of  all  the  invariants  are  substituted,  the  preceding 
relation  (after  mere  simplification  and  division  throughout  by  A2B6V8)  becomes 


/  t 

P  P  t 


sin2  X  .  /  cos  X  .  sin  X\2 
PlPi  \  P  * 


a  relation  which  can  lie  verified  independently  by  means  of  Euler’s  theorem  on  the 
curvature  of  a  normal  section  and  of  the  expression  in  §  35  for  the  torsion  of  the 
geodesic  tangent. 

Similarly  for  the  curvature  of  torsion  of  the  geodesic  tangent  to  i|)  =  0  ;  after  the 
result  in  §  34,  it  manifestly  will  be  given  by 

J  (W„  W'„)  _  A2 

V3  // 

According  to  the  theory,  it  also  ought  to  be  expressible  in  terms  of  the  invariants 
retained.  Take 

T  =  2  (EM  —  FL)  (f)0l\jj0l  —  (EN  —  GL)  (<£01r//10  A  <M'oi)  +  2  (FN  —  GM)  <£10t fjl0 ; 
then  we  have  the  equations 

<b2  =  4j  tw  w'\  j  (W2,  W'2)  +  wfY*  (-  -  -* 

V>i  Pi 


iv.2<&  =  2J  (u\,  w„)  J  {iv2,  w/2)  —  ivpw.JL  (a\2,  w o)  +  2  Vbi’pFo, 


and  therefore 


w*  4J  {w,,  w\)  J  (Wo,  W'2)  +  «q2V 


1\2 


I 

Pi  PP 

=  { 2 J  (/tq,  w2)  J  (w2,  w'2)  —  ivpv2I  (w.2,  w’ 2)  +  2V34<;14t/2}2., 

which  gives  an  expression  in  terms  of  the  invariants.  When  we  substitute  the  values 
of  all  the  invariants  and  divide  out  by  A2B6V10,  we  find 


tY.,, 


1  1  \2 

A  _  A  )  sin2  X  + 
Pi  pJ 


2  cos  X  2  sin  X  .  ,  1  .  1  >  ■  . 

—j~  ~  ,  + - b  )  sm  X 

r  P  \P  l  Pi 


That  some  results  of  this  kind,  connecting  p  and  p\,  should  exist,  can  easily  be 
seen.  When  p,  and  p.:  are  given,  p  is  determined  by  the  inclination  of  (f>  =  0  to  a 
line  of  curvature  ;  X  being  given,  we  then  know  the  inclination  of  i//  =  0  to  that  line 
of  curvature,  and  so  p\  is  known.  Similarly  for  some  result  connecting  t'  and  t\. 

As  a  last  illustration  of  this  kind,  consider  the  invariantive  expressions  for  aud 
•  Eet  &i  aRd  b2  be  the  invariants  corresponding  to  cq  and  a2,  so  that 
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=  (GP  -  2FQ  +  EM)  *01  +  (GQ  -  2 F R  +  ES)  (-  *l0), 

b2  =  (GP  -  2FQ  +  ER)  (-  F*01  +  G*10) 

+  (GQ  -  2FK  +  ES)  (E^OT  -  F*10) ; 


bj  _  cZH  F  _  .  t/H 

V3  “  A  ds'  '  V4  ”  "  dn'  ‘ 


Now  we  have  the  equations 


ivA\  =  J  (wx,  w2)  cq  —  ivxa2 
wf2  =  V^tqcq  +  J  (trq,  ivd)  a 2 


which  are  easily  established ;  substituting  in  them  the  values  of  the  invariants  that 
occur,  we  find  (on  removing  a  factor  AB:V5),  the  relations 


dll 

ds' 

dR 

dn' 


d  H  ,  cZH  •  , 

COS  A  —  -  r-  sill  A 

ds  dn 


dR  .  x  .  dR 
—j—  sin  A  +  7  cos  X 
ds  dn 


1 

V 

( 

I 

J 


which  are  the  ordinary  differential  relations  for  transference  from  directions*  ds  and 
dn  to  ds'  and  dn',  when  the  subject  of  operation  is  a  function  of  position  only  and 
involves  no  properties  of  tangency  and  no  properties  of  contact  of  order  higher  than 
the  first.  But  for  a  function  of  position  (and,  a  fortiori,  for  a  function  which  involves 

properties  of  contact  of  the  first  order  or  of  higher  orders),  the  operators  -j-  and  ~ 


^2XT 

are  not  interchangeable.  Thus,  in  particular,  -=■ — 7-  and  -=- — 7-  are  not  equal  to  one 
0  1  ds  dn  dn  ds  1 

another,  except  for  special  curves  ;  an  expression  for  their  difference  has  already  been 

obtained. 

52.  It  still  remains  to  identify  the  four  invariants  w"s,  H  (u/'3),  J  (w2,  w/'3), 

which  involve  the  derivatives  of  both  <f>  and  \fj.  Instead  of  proceeding  to  obtain 
their  values,  we  use  the  method  adopted  in  §  49  ;  we  replace  them  by  four  equivalent 
invariants  involving  derivatives  of  i Jj  only,  and  the  change  .does  not  affect  the 
completeness  of  the  aggregate.  These  four  invariants  are 


w"s  =  (£',  V,  n'Jfoi,  —  ^w)3, 

H  (W"3)  =  (Vm>  -  P)  ^  +  . . . 
d>  (W"3)  =  (FV  -  3 Jc'l'm'  +  2 P) 

J  (W2,  W"3)  =  (EZ'  —  FF)  \jj0l3  +  . . . 


*  The  value  of  sin  A  shows  that  the  direction  of  dn  falls  within  the  angle  between  ds  and  dn. 
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We  then  modify  this  set  of  four,  and  replace  H  (W"3)  and  <I>  (W"3)  by  (Sq  and  d2 
where 

(§q  =  (Em'  — -  2F 1'  -f-  G&')  xp01  -f-  .  . .  , 

do  =  {E  (Eh'  -  2Fw'  +  Gl')  -  F  (Em  -  2FZ  +  G£)}  x p0l  +  . . .  ; 

and  the  set  W"3,  J  (W2,  W"3),  dls  d2  replace  w"3,  H  (io"3),  <$>  (tv"3),  J  (w\2,  iv"3)  in  the 
aggregate,  which  remains  complete  after  the  change.  The  set  of  equations,  which 
exhibit  the  equivalence  of  the  four  inserted  forms  to  the  four  ejected  forms,  is 
similar  to  the  corresponding  set  in  §  42  ;  it  is  more  complicated  because  the  ground- 
forms  w3",  W"3  are  of  the  third  order. 

The  geometric  significance  of  the  four  inserted  forms  can  be  obtained  from  the 

O  O 

consideration  that  they  stand  related  to  the  curve  xp  =  0  exactly  as  iv'3,  J  (iv^,  iv'3), 
Cj,  c2  to  the  curve  (p  —  0.  Adopting  the  notation  of  §  51,  we  thus  have 


All  other  properties  of  the  curve  xp  =  0  up  to  the  order  retained  can  be  expressed  in 
terms  of  the  invariants  of  the  aggregate  ;  the  examples  given  in  §  51  will  be  a 
sufficient  illustration  of  the  remark. 

The  Aggregate  for  a  Single  Curve  <p  =  0  up  to  the  Order  Retained. 

53.  The  29  invariants  in  the  preceding  set  have  a  closer  affinity  to  the  curve  </>  =  0 
than  to  the  curve  i p  —  0,  the  chief  reason  being  that  the  first  derivatives  of  (p  were 
made  the  variables  for  the  binary  forms.  By  taking  the  first  derivatives  of  xp  for 
these  variables  an  equivalent  set  of  29  invariants  could  be  obtained,  having  a  closer 
affinity  to  the  curve  xf/  —  0  than  to  the  curve  (f>  —  0.  And  it  would  be  possible 
to  modify  each  of  these  two  sets,  so  as  to  construct  a  new  equivalent  set  of  29, 
symmetrically  related  to  the  two  curves.  All  that  is  necessary  in  each  modification 
is  to  secure  that  the  retained  aggregate  remains  algebraically  complete. 

Out  of  the  set  of  29  invariants  retained,  there  are  20  which  are  not  affected 
by  the  curve  xp  =  0  in  their  expression ;  and  therefore  we  infer  that  all  the 
differential  invariants  of  a  surface  and  a  curve  <p  =  0  upon  the  surface,  involving 
derivatives  of  <^>  up  to  the  third  order  inclusive,  involving  the  magnitudes  E,  F,  G 
and  their  derivatives  up  to  the  second  order  inclusive,  involving  also  the  fundamental 
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magn. tudes  of  the  second,  the  third,  and  the  fourth  orders,  can  he  expressed 
algebraically  in  terms  of  an  algebraically  complete  aggregate  of  20  members. 

This  aggregate  is  composed  of  20  quantities,  each  divided  by  an  appropriate  power 
of  V ;  the  sections  quoted  give  the  significance  of  the  respective  invariants.  These 
quantities  are  as  follows  :  — 


[§  34] 

IV,  =  (E, 

F,  (fX^u. 

—  <£io)3> 

[§  34  | 

w',  —  (L, 

M,  NX^(1 

fAio)  > 

L§  34] 

J  (tv,, 

tv',)  — 

EM 

EN 

FN 

14  on 

—  <£io)3> 

-  FL 

-  GL 

-  GM 

[§35J 

I  (w,,  iv’,) 

=  EN  -  2FM  +  GL, 

[§34] 

J  (w.:, 

w\)  = 

w",  =  (c 

t,  b,  cX*oi, 

-Ao)\ 

—  <£ioh 

[§  36] 

E  b 

Ec 

Fc 

X^l'15 

-  Fa 

—  Ga 

-G  b 

.§  34] 


[§  38] 


[§38] 


I  (a’o,  w" o)  =  E c  —  2F b  +  G a, 

if,  =  (P,  Q,  K,  SX^on  - 


J  (tv,,  w,)  = 


EQ 

2ER 

ES 

-  FP 

-FQ 

+  FR 

FS 

-  GP 

-2GQ 

-  GR 

‘b= 

ER 

ES 

X<Aon  —  4 

X^un  4  io)”j 


a,  = 

E2S 

EFS 

-  3EFR 

—  (EG  +  2F~)  R 

+  (EG  +  2F'J)  Q 

+  3FGQ 

-  FGP 

—  G2P 

X^un 


[§3«] 


=  (h  h  ™>,  nX<f> on  - 
3  E 


vol.  ccr. - A. 
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[§  37]  J {w2,v/s)  = 


E/ 

2  Em 

En 

-  Fit 

—  FZ 

+  Fm 

Fn 

-G* 

-2GZ 

—  Gm 

[§46] 


«i  = 

Em 

E  n 

-  2F/ 

—  2Fm 

+  GA* 

+  G  t 

X<£oi,  <M> 


[§  46] 


Co  = 


E2n 

—  3EFm 

+  (EG  +  2F~)  Z 

-  FG£ 


EFn 

(EG  +  2F')  m 
+  3FG/ 

-  G2k 


X^OI.  </>io)> 


[§34] 

[§  41]  J(% 


=  (a,  ft  y,  S,  eX<t>01,  —  <f>  10)\ 


[§42] 


[§43] 


X^OD  <kloY> 


[§44]  ft3= 


E3e 

E2Fe 

EF2e 

-  4E-F  S 

-  4EF3  S 

-  (2F3  +  2EFG)  8 

+  (E2G  +  5EF2)  y 

+  (2EFG  +  4F3)y 

+  (5F2G  +  EG2)y 

—  (2EFG  4*  2F3)  (3 

-  4F2Gy8 

-  4FG2/3 

+  F2Ga 

+  FG2a 

+  G3a 

M.i?  c/)) 
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The  various  indices  of  these  quantities,  being  the  powers  of  V  by  which  they  must 
be  divided  to  become  absolute  invariants,  are  : — 

Index  2,  w2,  w'2,  I  (w2,  iv2)  ; 

Index  3,  J  (tv.,,  to'.,),  tv..,  a,  ; 

Index  4,  w"2,  I  (iv2,  w" 2),  J  (w2,  iv:]),  a2,  w4,  f),  ; 

Index  5,  J  (tv.2,  w"2),  J  (w.,,  iv{),  f>2 ; 

Index  G,  1)3 ; 

Index  7,  t(/3,  et ; 

Index  8,  J  ( w.2 ,  ?o'3),  e2. 

54.  It  will  be  seen  from  these  forms  that  all  the  invariants  retained  are  linear  in 
all  the  quantities  L,  M,  N,  P,  Q,  R,  S,  a,  /3,  y,  S,  e,  a,  b,  c,  k,  l,  m,  n  which  occur  in 
them.  This  property  facilitates  the  expression  of  any  other  invariant  in  terms  of  the 
various  members ;  thus 

LN  —  M3  _  iVow'z I  (w.„  w\)  —  J3  (w.,,  iv’c) 

  -  - 

ae  —  +  3y2  _  —  4J  (w2,  ll\)  1),  +  3 

V4  ivf 

and  so  for  others.  Moreover,  in  the  invariants  which  contain  a ,  b,  c  linearly,  the  effect 
is  that  the  derivatives  of  <£  of  the  second  order  (being  the  highest  that  occurs)  are 
contained  linearly  ;  and  in  those  invariants  which  contain  k,  l,  m,  n  linearly,  the 
effect  is  that  the  derivatives  of  <f>  of  the  third  order  (being  the  highest  order  that 
occurs)  are  contained  linearly,  as  well  as  those  of  the  second  order. 

Moreover,  the  forms  can  be  used  to  obtain  the  value  of  any  given  invariant  ; 
all  that  is  necessary  for  this  purpose  is  to  obtain  the  expression  of  the  invariant  in 
terms  of  the  members  of  the  selected  aggregate,  and  to  substitute  the  values  of  the 
members  that  occur.  Thus,  consider  the  simultaneous  invariant 

a,  b,  c 

L,  M,  N  ; 

E,  F,  G 

when  expressed  in  terms  of  the  members  of  the  aggregate,  it  is  equal  to 

—  { J  (w2,  ?(/'2)  I  (w2,  iv\2)  —  J  ( iv.2 ,  tv'.2)  I  (w2,  w"2)} 

w2 

+  — 2  {w"z  J  (W2,  v/2)  —  W'2  J  (W2,  W"2)  } , 

WZ 


3  E  2 
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and  the  value  of  the  latter  expression  is 


H  - 


P 


dB  1  (IB 


ch 


r  dn 


In  this  way  the  actual  values  of  a  large  number  of  the  invariants  belonging  to  the 
asyzygetic  aggregate  can  be  obtained.  The  asyzygetic  aggregate  of  two  cubics  is 
known.  The  asyzygetic  aggregate,  arising  when  a  quadratic  is  associated  with 
a  system  asyzygetically  complete  in  itself,  is  also  known  ;  so  that  the  asyzygetic 
aggregate  belonging  to  ?r2,  w\2,  w"2,  ws,  iv':]  can  be  obtained  by  the  application  of 
known  theorems. 

Further,  the  asyzygetic  aggregate  of  a  cubic  and  a  quartic  is  known,  so  that 
the  asyzygetic  aggregate  could  be  obtained  for  w.2,  w'.2,  iv,f2,  w?i,  up  and  also  for 
iv2,  id o,  w"2,  w'3,  n\.  But,  so  flir  as  I  am  aware,  the  asyzygetic  aggregate  of  either 
two  cubics  and  one  quartic,  or  a  cubic  and  any  system  asyzygetically  complete  in 
itself,  is  not  known  ;  as  soon  as  either  is  known,  the  results  could  be  applied  to 
obtain  the  asyzygetic  aggregate  for  w.2,  iv'z,  w".:,  iv:i,  w's,  w±,  that  is,  the  complete 
system  of  concomitants  in  terms  of  which  any  rational  integral  invariant  can  be 
expressed  as  a  rational  integral  function. 


The  Geometrical  Magnitudes  which  are  Independent. 

55.  As  regards  the  quantities,  which  have  served  to  assign  the  geometrical 
significance  of  the  several  invariants,  some  inferences  can  be  drawn  from  the  results 
obtained.  Denoting  by  y  the  angle  between  the  curve  and  the  line  of  curvature 
connected  with  p,,  we  have 


0 

COS' 


X  +  SJPIX  , 

P  Pi  P-2 


1  1 


,  =  (  - - )  X  sin  X 

T  Pi  Pc 

H  =  -  +  >  K  =  1 


Pi  Pc 


Pi  Pc 


so  that  not  more  than  three  of  the  quantities  H,  K  are  independent.  For 

P  T 

purposes  of  expression,  we  have  retained  —f,  \ ,  H.  There  are  also  the  quantities 

B  and  — - • 

P 

To  the  order  of  derivatives  which  occur  in  the  invariants  that  have  been 
constructed,  the  geometric  magnitudes,  which  might  be  expected  to  occur  in  the 
values  of  the  invariants,  are  as  follows  : — - 
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1 

3 

p 

<h  ip') 

’  <&(/)’ 

&  (  1  \ 
ds 2  \  p  ' 

1.  ('J" 

dsdn '  p' 

/ 1  1 
cZn2 1  p’  I 

H, 

cltt 

c/H 

)  — -  3 

dm 

cFH 

5  — , 

c/-H 

?  3 

(PR 

3 

(Is 

chi 

ds 2 

dsdn 

chins 

dn1 

B, 

(IB 

(IB 

)  —  3 

dm 

dm 

3 

dm 

3  — -  3 

dm 

3 

ds 

dn 

ds- 

dsdn 

«U  c/.S" 

dn1 

l 

d  (  1  \ 

3 

// 

P 

ds  \  p" 

dn  (  p") 

and  t lie  derivatives  of  \ .  But  not  all  <>f  these  can  be  retained  as  independent  magni¬ 
tudes.  In  §  40  it  was  proved  that 
dil\  2  (IB 

~  T  B  (Is 


(Is  \ 


-  H  - 


P  !  P 

(/  (  1  )  =  (h  —  2  \  1  —  +  —  (—  )  +  2  —  c— 

(In  l  r'  /  V  p)  B  ds  +  (Is  \  p' )  ^  pV  ds 


d-  (  1  1 
dn  \  p  ] 


„  1 


si  that  the  first  derivatives  of  , ,  and  consequently  also  the  second  (and  higher) 

T 

derivatives,  are  expressible  in  terms  of  the  derivatives  of  the  other  quantities 
retained.*  Again,  in  §§  41,  43,  47  it  has  been  shown  that  the  quantities 

(P  /  1  \  _  (P  /  1  \ 

ds  dn  \  p  J  dn  ds  p' 

dm  __  dm 

ds  dn  dn  ds 
d[B  _  d~B 

ds  dn  duds 


are  expressible  in  terms  of  the  derivatives  of  the  first  order;  so  that  it  is  sufficient  to 
,  .  cP  (  1  \  (PH  cPB  ,  .  ,  (P  t  1  \  (PH  d~B 

retain  ,  ,  7  ,  ,  and  reject 

ds  dn\  p  dsd  n  ds  d  n 


dn  ds  "  p  dn  ds  dn  ds 

§  41,  it  was  proved  that 

*  It  is  proved  in  Darboux’s  ‘Theorie  generale  des  Surfaces,’  vol.  2,  p.  3G0,  that  the  quantity 

m+(  h-?.vc 

as  \t  /  V  p  p 


.  Further,  in 


which  occurs  in  the  first  of  the  two  equations,  is  the  same  for  two  curves  that  have  the  same  tangent. 


398 


PROFESSOR  A.  E,  FORSYTH  ON  THE  DIFFERENTIAL  INVARIANTS 


d_  I  l 
dn  \p" 


^  p"2  '  \  B  ds 


(I  \  _  _  K  („  _  2  \  _  1  dR 

dn2  \  p'  J  ds 2  \  p"l  p"  dn 


d 2 

dt 2 


1  f  2  d2B  dB  </H  d B  d 
+  B  [r7  dnds  ds  ds  +  ds  dt  \  p' 

+  4d*\(K-±w-ifm, 

ds  [\  p  J  ds  t  dn  J 


and  the  values  of  A  (A)  and  —  (—  )  have  been  given  in  §§  36,  41  ;  hence  it  is 

dt  '  p  )  dt "  '  p 

,  ,  .  d2B  d 2  /  1  \ 

unnecessary  to  retain  ^  ^  ~f ) . 


P  ! 


We  therefore  retain  the  quantities 


1 

d 

(  1  \ 

d  /  1  ' 

\  d'l 

p'  ’ 

ds 

p')  ’ 

dn  \  p  ! 

' 5  dA 

H, 

dm 

dU 

dm 

dm 

ds 

’  dn  ’ 

ds 2  ’ 

ds  dn  ’ 

B, 

dB 

c/B 

dm 

dm 

ds 

’  dn  ’ 

ds  dn  ’ 

dn 2  ’ 

1 

d 

/  1  \ 

d  t  r 

\ 

p"  ’ 

ds 

\J’)  ’ 

dn  \  p" 

/  > 

1  ^  d *  (  1  X' 

ds  dn  \  pf ) 


j  ’ 


being  20  in  all ;  their  association  with  the  20  algebraically  independent  differential 
invariants  set  out  in  §  53  has  already  been  made. 

56.  These  results  would  seem  to  have  an  important  bearing  when  we  proceed  to 

c/2  B 

the  next  higher  order  of  derivatives.  As  -yy  is  rejected  from  the  aggregate 

<i3B  d?  B  .  .  d2  B  d2  B 

of  quantities,  the  quantities  ,  „  and  ,  .  will  also  be  rejected  ;  also,  as  .  , - ^ — 

1  1  ds*  dnds 2  J  dnds  dsdn 

c/3  b  c/3B 

is  expressible  by  quantities  of  lower  order,  the  quantities  ^  ^  and  ^ — fedn 

rejected  ;  thus,  in  this  order,  the  only  derivatives  of  B  to  be  retained  are 


d3B 


t/3B 


<#B  J3B 


dsdnds  dn2  ds'  ds  dir  dn 3’ 


four  in  number.  Moreover,  these  four  may  reduce  to  two ;  for  the  first  may  be 
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#B 


equivalent  to  the  rejected  ^  ^  g,  while  the  second  and  the  third  may  be  equivalent 

to  one  another.  Similarly,  the  only  derivatives  of  to  be  retained  are 

P 


d3  n 


d 3 


dr 


d 3 


j  r 


ds3  \  p'f  ds2  dn  \pr  /  dn  ds  dn  p  j  dn  ds 2  p' 

four  in  number ;  and  these  may  reduce  to  two.  There  are  six  derivatives  of  H,  viz.  : 


dm 

ds3  ’ 


dm 

ds 2  dn 


dm 

dn  ds 2 


dm 

dn2  ds 


jfH 

ds  dn2 


dm 

dn3 


which  may  reduce  to  four ;  and  there  are  four  derivatives  of  — ,  viz. 


d?_ 

ds2 


which  may  reduce  to  three.  Hence  there  are,  in  all,  eigditeen  new  geometrical 
quantities  arising  through  the  inclusion  of  derivatives  of  the  next  higher  order ;  and 
these  eighteen  quantities  may  reduce  to  eleven. 

Now  the  number  of  differential  invariants,  which  involve  derivatives  of  <£  up  to 
order  n  and  the  corresponding  quantities  of  proper  order,  is  \n  (3 n  5)  by  §  27  ; 
and  this  number  is  certainly  subject  to  diminution  by  1  unit,  as  explained  at  the 
beginning  of  §  29,  so  that  it  is  \ n(3n  +  5)  —  1.  When  n  =  4,  this  is  33  ;  and  we 
know  that  there  are  20  invariants  for  n  =  3;  so  that  13  new  invariants  are 
introduced  by  the  differential  equations  for  the  new  order.  It  has  been  indicated 
that  there  may  be  only  1 1  new  geometrical  quantities  available  for  their  expression  ; 
if  so,  the  inference  would  be  that  there  are  two  algebraic  relations  among  these  13. 
These  relations  are  outside  the  differential  equations ;  and  the  only  cause  from 
which  they  could  arise  would  be  owing  to  the  intrinsic  significance  of  the  magnitudes. 
As  there  actually  is  one*  differential  invariant  of  deformation  of  this  order  (that  is, 
a  function  involving  E,  F,  G  and  their  derivatives  up  to  the  third  order,  and  no 
other  quantities),  the  obvious  suggestion  is  that  it  would  behave  like  the  invariant 
of  the  lower  order,  due  to  Gauss,  and  would  be  expressible  in  terms  of  invariants  in 
the  binariant  system  composed  of  the  fundamental  magnitudes  ;  but  this  inference  is 
only  a  suggestion,  and  cannot  be  regarded  as  an  established  result. 


[Note:  added ,  12  May ,  1903. 

After  the  manuscript  of  this  memoir  had  been  sent  to  the  Royal  Society  but  before 
the  memoir  itself  had  been  read,  I  succeeded  in  definitely  establishing  the  inference 
suggested  at  the  end  of  §  56.  The  necessary  calculations  are  long  and  are  of  the 

*  Zorawski,  l.c.,  p.  31. 
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same  general  character  as  those  in  §§  14-22  ;  their  aim  is  to  obtain  the  one  solution, 
other  than  V  and  V2,  of  the  twenty-eight  partial  differential  equations  satisfied  by 
differential  invariants  of  deformation,  which  are  of  order  not  higher  than  three.  The 
mode  of  dealing  with  such  a  system  of  equations  lias  been  amply  illustrated  in  Part  1. 
f  the  memoir  ;  accordingly,  only  the  results  of  the  analysis  will  be  given. 

We  denote  by  F,  F',  F",  A,  A',  A",  quantities  defined  in  §  G  ;  and  we  write 

„  =  E13  -  2F.3l  +  Gao  +  r"E30  -  (2F'  4-  A")  Eu  +  FE03 
+  2A"F30  —  2A'G30  -j-  AGn, 

V  =  Eoa  -  2F13  4-  G31  +  F"En  -  2F'E03  +  2FF0o, 

+  A"G30  -  (F  +  2A')  Gu  +  AG()3, 


0  =  E02  —  2Fn  -f  G31 


20 » 


these  being  simultaneous  solutions  of  the  eighteen  equations,  which  correspond  to  the 
vanishing  of  the  derivatives  of  £  and  -q  of  order  4  and  of  order  3  in  the  various 
arguments  (§  13).  Further,  we  write 

p  =  E-  (—  4E01G10G01  +  8Flt)GJ0G01  —  4G10J) 

-f  EF(—  4E10G10G0l  +  8E01F10G(Ji  —  16F10F01G10  —  16F102G01  4-  1GF10G102 
+  4E01G1(y  4"  8E01F01GJ0) 

4-  EG(—  2E10E01G01  -f-  6E10F10G01  4-  4E10F01G1U  —  4E10G10-  --  4E01F10F01 

-  2E01F10GJ0  4-  8F01F103  -  4F10SG10  -  2E012G10) 

4-  F-(—  2E10E01G01  4-  4E10F01GJ04-  lOE10F10G01  —  4E10GJ02  —  12F10-G10 
+  24F102F01  -  6E01F10G10  -  12E01F10F01  -  2E0l2G10) 

+  FG(8E10E01F01  —  4E102G014-  4E10E01G10—  32E1(JF10F01  +  16El0F10G10-f  8E012F10) 

4"  G-  (8E102F01  —  4E102G]0  —  4E0]-E]0), 

q  =  E2  (8F1()G„i2  -  4E01G012  -  4G01G102) 

4-  EF  (—  4E10G012  —  32F10F01G01  -f  8F10G]0G01  4-  4E01G10G01  4-  16E01F01G01 
+  8F01G102) 

+  EG  (6E10F01G01  -  2E10§J0G01  4-  4E01F10G01  +  8F10F012  -  4F10F01G10 

-  4E012G01  -  2E01F01G10  -  4E0lF012  -  2E01Gi02) 

4-  F2(10E01F01G01  —  2EJ0G10G01  +  4E01F10G01  4-  24F01°-F10  —  12F10F01G10 

-  2E01G103  —  6E01F01G10  —  4E012G01  —  12E01F0l2) 

4*  FG  (—  4EI0E01G01  —  16E10F01L  -f  8E10F01G10  —  16E01F10F01  4-  8E01F10G10 
+  16E012F01  -f  4E012G]0) 

+  G2  (8E10E01F01  -  4E]0E01G10  -  4E013). 
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Also,  we  write 

=  4 V%  -  4V40  (2 A'  +  3F)  -  p, 

X2  =  4V4v  -  4V40(2r'  +  3A")  -  q. 

Then  a  first  expression  for  the  differential  invariant  of  deformation  of  the  third 
order  is  found  to  be 

(E\22-2F\1\2  +  rT\12)V-14. 

This  expression  can  be  modified  by  means  of  the  relation  (§35) 

4V2(LN-M2)  =  V 

=  —  2V-0+E  {(E01  —  2F10)G01  +  G102}  +  G  {E0]2  — E10(2F01  — G10)} 
+  F  {E10G01  —  E01  (2F01  +  G10)  +  2F10  (2F01  —  G10)}. 

Dividing  both  sides  by  Y2  and  taking  the  derivative  with  regard  to  x,  we  find  (on 
using  the  relations  in  §  6,  and  after  reduction)  that  we  have 

=  -  8V4  (NP  -  2MQ  +  LR),  =  -  8Y4a, 

say.  Proceeding  similarly  from  the  derivative  with  regard  to  y,  we  have 

\2  =  -  8V4  (NQ  -  2MR  +  LS),  =  -  8V4b, 

say.  It  thus  appears  that  the  two  combinations  of  E,  F,  G  and  their  derivatives  up 
to  the  third  order ,  represented  by  X,  and  X.,,  are  expressible  in  terms  of  the  fundamental 
magnitudes  of  the  second  and  the  third  order.  Moreover,  dropping  the  numerical 
factor  64,  we  have  an  expression  for  the  differential  invariant  of  deformation  of  the 

third  order  (say  I)  in  the  form 

IV6  =  Eb2  -  2Fab  +  Ga2. 

By  the  theory  in  the  preceding  memoir,  this  invariant  (which  now  involves  only 
fundamental  magnitudes  of  the  first  three  orders  and  none  of  their  derivatives)  ought 
to  be  expressible  in  terms  of  the  members  of  the  system  set  out  in  §  53.  Writing 

w'\  =  ia>  Won  $io)> 

iv'\  =  (Eb  —  Fa.  Fb  —  GaX^on  ~ 

we  find 

?y2Y6I  =  VV/  +  w\\ 

wfw\  =  wpvfi  (w2,  w'f)  +  w2w\<x i  —  2J  (w2,  iv'2)  J  (tv2,  wf)  —  2VW2m)3. 
wfw'\  =  w2 1  (w2,  w'2)  J  (w2,  wf)  +  2V2te3J  (w2,  wf2)  —  2Y2«/2J  (w2,  w?) 

—  2w2oifi  (w2,  w'f)  +  w2iv'2a2. 
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When  the  geometric  values  of  the  several  invariants  are  substituted,  we  tind 


w\  —  BY3 


c/K 
ds  ’ 


and  therefore 


w 


=  BY4 


dK. 

dn  ’ 


1  = 


ds  !  \dn  1 


which  is  the  geometric  significance  of  the  differential  invai  iant  of  deformation  oj  the 
third  order.  Its  expression  appears  to  involve  association  with  the  curve  <^>  =  0  ;  but 
the  relations  in  §  51  shew  that  the  association  is  the  same  for  all  curves,  so  that  the 
quantity  is  a  function  solely  of  position  on  the  surface,  being  the  sum  of  the  squares 
of  the  first  derivatives  of  K  along  any  two  perpendicular  directions  along  the 
surface.] 
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